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Abstract. We begin by developing a general theory for the a posteriori estimation of the error

of numerical solutions of systems of nonlinear reaction-diffusion equations. We use the results to

estimate the error of numerical solutions of nine well known models and determine time scales over

which accurate numerical solutions can be computed for each problem. Next we interpret the theory

analytically under general assumptions on the differential equation and also discuss some issues that
arise when using the a posteriori estimate in practice. Finally, we apply the general theory to the
class of problems admitting invariant rectangles in solution space.
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1. Introduction.

The ever increasing activity in the areas of mathematics and science concerned
with reaction-diffusion equations marks both their important role in modelling phys-
ical phenomena in such diverse fields as biology, chemistry, metallurgy, and combus-
tion, and the beauty and complexity found in their solutions. Numerical analysis of
reaction-diffusion equations has become a central tool in their study because of the
many barriers that exist for mathematical analysis. It is exactly these situations,
when we know little about the true solution, that are particularly needful of accu-
racy in numerical results. Yet, these same analytic difficulties also give rise to nearly
insurmountable barriers to accurate analytic estimation of the error of numerical so-
lutions. In this paper, we investigate a different approach to this problem based on
the computational estimation of the error of numerical solutions.

Many fundamental models in science take the form

d d
8—;‘—v. (e(u,x,t)Vu)—I—Zj:ﬁj(u,x,t)@—li:f(u,x,t) (1.1)

for a vector unknown u € R?, where ¢ is a diagonal matrix with smooth nonnegative
entries, ; are diagonal matrices with smooth entries that are dominated by the
coefficients of ¢, and f = (f;) is a smooth vector-valued function. Some well-known
examples are:

Ezample 1: the bistable equation. Also known as the Chafee-Infante problem, the
equation has the form (1.1) with d = 1, ¢ > 0 constant, 3 = 0, and f(u) = u —u>. In
one dimension, the bistable equation has been used to model the motion of domain
walls in ferromagnetic materials.

Ezample 2: equations for two species. This is a model for the interaction of two species
distributed continuously throughout the region €. Tt has the form (1.1) with d = 2, ¢
constant, 3 =0, f1 = w1 M (u1,u2), and fa = uaN(uy, usz). To model a predator and
prey, we assume that M,, < 0 and N,, > 0. To model two competing species, we
assume that M,, < 0 and N,, < 0. Finally to model symbiosis, we assume M,, > 0
and Ny, > 0.

Ezample 3: Hodgkin-Huzley equations. These equations model the signal transmission
across axons. The system takes the form of (1.1) with d =4, € constant, 5 = 0, and

i = aqudus(B — wy) + aoui(Bo — wp) + as(fBs —uy), B> P2 >0> B
fi = gi(w)(hi(u1) —wi), g: > 0,0 < h; <1, 2<i<4
usg, ug, and w4 represent chemical concentrations and are nonnegative, while u; rep-

resents electric potential.

Erample 4: Fitz-Hugh-Nagumo equations. These equations are a simplified model of
the Hodgkin-Huxley equations. They have the form (1.1) with d = 2, € constant,
G =0, and

Ji=—u(ug —ap)(ug — 1) —us, 0<a; <1/2,

f2 = aaup —agus,  as,az > 0.

Ezample 5: superconductivity of liguids. These equations are used in the description
of superconductivity in liquids. They have the form (1.1) with d = 2, € constant,
B=0,and f(u) = (1— |u|*)u.
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Ezample 6: Field-Noyes equations. These are used to model the famous Belousov-
Zhabotinsky reaction in chemical kinetics. They have the form (1.1) with d = 3, ¢
constant, # =0, and

fi = ar(us — ugus + ug — azu%),
fo= Oél_l(Oé3U3 — Uy — U U2),
fz= 044(U1 - US),

aq,ag,04 >0, ag & 10_8.
The variables represent chemical concentrations and remain nonnegative.

Ezample 7: model equations for flame propagation. These equations are used in the
theory of combustion. They have the form (1.1) with d = 2, € constant, 3 =0, and
fi = —ugem /2

f2 = azule_o‘l/w.

Ezample 8: model equations for morphogenesis. These equations are used to model
morphogenesis of patterns. They have the form (1.1) with d = 2, € constant, 3 = 0,
and

fi = —wud o (1 —uy),

fo= UW% — (a1 + az)us.

Ezample 9: model for the spread of rabies in fores. This equation is a model for the
spread of rabies in Europe in the fox population. Tt has the form (1.1) with d =1, €
constant, # =0, and

fi=a1(l —us —us — us)ug — usuq,
fa = uzuy — (g + s + aruy + agus + agusg)us,

f3 = aaus — (g + oty + aqus + agus)us,

where a; > 0 for all 7 and 0 < a4 < (1 + (s + al)/az)_l — aq.

Example 1, which is used as a prototypical example in this paper, was investigated
analytically by Chafee [10], Bronsard and Kohn [6], [7], Carr and Pego [9], and Fusco
and Hale [41], and numerically by Estep [27]. Descriptions of examples 2-7 can be
found conveniently in Smoller [62]. Example 8 is analyzed in Pearson [57]. Example
9 is discussed in Murray [53]. See Fife [37] and Murray [53] for more information and
references on the applications of reaction-diffusion equations. It is impossible to give
a complete review of the literature on reaction-diffusion equations here. We only note
that in addition to the references above, Aronson and Weinberger [3], Brown, Donne,
and Gardner [8], Cohen [14], Cooley and Dodge [15], Hastings [42], Hodgkin and
Huxley [44], Matano [50], Mimura, Nishiura, and Yamaguti [51], Rauch and Smoller
[59], and Troy [64] contain material specifically considered in the preparation of this
paper.

The complexity in the solutions arises primarily from the competition between
reaction and diffusion and the nonlinear nature of the equations that allows localized
behavior in classes of solutions. In particular, it is characteristic for solutions to
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encompass behavior on several different scales simultaneously: long time phenomena
such as metastability together with rapid transients; localized spatial behavior such
as moving layers and blow-up together with global propagation of perturbations and
pattern formation. It is also typical for different classes of solutions to exhibit different
types of behavior to different extents, making it difficult to perform a meaningful
general analysis. Adding to the difficulty is the fact that in many problems, we
require information about solutions over moderate to long time intervals.

All of these points cause difficulties for the numerical analysis of reaction-diffusion
equations. The upshot is that it is generally easy to produce completely inaccurate
numerical solutions and moreover typical for initially accurate numerical solutions to
become inaccurate at some point. It is therefore scientifically important to obtain a
reasonably accurate and reliable estimate of the error of a numerical computation.

We explain these issues further using the bistable problem

du  du 3

g—t—ewﬁ_u—u, 0<ae<l, 0<t,

au —— — (1.2)
3x(0’t) = 3x(1’t) =0, 0<t{,

u(z,0) = up(z), 0<ae<l.

as an example. The dynamical properties of solutions of (1.2) have generated con-
siderable interest in part because it is one of the simplest problems that produce
evolution to equilibrium in the presence of competing stable steady states. The long
time behavior of the solutions is now well understood, see Bronsard and Kohn [6],
Carr and Pego [9] and Fusco and Hale [41]. When e is sufficiently small, the only
stable equilibrium solutions are v = 1 and v = —1 and all solutions, except unsta-
ble equilibrium solutions, converge to one of these two steady-states. However, this
convergence may be extremely slow because solutions can exhibit dynamic metasta-
bility. Generic initial data forms a pattern of transition layers between the values —1
and 1 during an initial transient, after which the layers coalesce by moving more or
less in a horizontal direction. The time scale for substantial motion of the layers 1s
exp(Cd/+/€) where C' is a constant and d is the distance between neighboring layers.
When two layers become sufficiently close, a rapid transient occurs during which the
layers collapse together. The solution then forms a new, simpler metastable pattern
and the process begins anew.
We illustrate with a computation made with e = .0009 and

tanh((.2 — z)/(2V/€)), 0 <z < .28,
_Jtanh((z — .36)/(2/¢)), .28 <z < .4865,
U0l = Y (615 — 2)/(2y/6)), 4865 < & < 7065,
tanh((z — .8)/(2V/€)), 7065 <z <1,

which produces a function that is very close to a metastable state. We display the
evolution of the corresponding numerical solution in Fig. 1.1. The “well” on the left
is slightly thinner and collapses first. We estimate the error of this computation and
subsequent computations in this section to be less than 10% and explain the reason
later on.

Numerical evidence was important in the initial stages of the analysis of the
bistable problem. The initial transient and development of the layers, the shape
and motion of the layers, the time scales for evolution all were explored initially using
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Fic. 1.1. Evolution of a metastable solution starting with two “wells” and ¢ = .0009. The left
well 15 thinner and collapses at t &2 41 and the second well collapses at t = 141.

numerical solutions and these results provided the basis for the mathematical analysis.
Experimentation also revealed that care is needed when computing. In particular,
computing without a sufficiently fine time step or space mesh causes “locking” in
which a metastable pattern actually becomes stable. (See Elliot and Stuart [18] for a
discussion of this phenomena). This does not require gross inaccuracy in the numerical
solution and the only indication that a computation is incorrect is the change in time
scales. Of course to determine this, the correct time scale must be known a priori.

The fact that little is actually known about the error of individual numerical
solutions of reaction-diffusion equations might at first seem surprising. After all, there
is a significant amount of literature devoted to a priori error analysis of numerical
methods for such problems. The results generally take the form

lle(t)]] < e C(u) (A" + k1) (1.3)

where e(t) denotes the error at time ¢, || || some norm, L = L(e, f) is a positive
constant, h and k are parameters measuring the space and time discretization, i.e.
mesh size and time step, p and ¢ are the respective orders of accuracy, and C'(u) is a
function of v and its derivatives of order depending on p and ¢. On investigation, the
flaws in such an estimate are revealed. For one thing, L is generally quite large. For
example, in the computation shown in Fig. 1.1, L is on the order of 1000. This means
that the estimate (1.3) is meaningful only over a short initial transient in general.
Moreover, the size of C'(u) is unknown and very often, we do not even know if u
has sufficiently many derivatives for C'(u) to be defined. Because of requirements of
compatibility between reaction term, the initial data, and the boundary of the domain
of the problem, there is generally an upper limit to the number of derivatives of a
solution of a reaction-diffusion equation that are defined.

The last two factors on the right-hand side of (1.3) arise from standard interpo-
lation error considerations. Similar quantities would appear in an error estimate for
any standard approximation computed by interpolation or projection of the solution,
provided it was known. The first factor on the right-hand side of (1.3) is not common
to error bounds on interpolants of known functions. It arises because of the possibility
of accumulation of errors occurring as the differential equation is solved in time and is
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therefore a reflection of the stability properties of the problem. The exponential form
of this factor is generally the result of a Gronwall argument that estimates the effect
of the reaction term by taking the worst possible rate of growth of perturbations it
can induce.

Of course if the error bound (1.3) is accurate, i.e. the error on the left-hand side
is more or less the size of the bound on the right-hand side, there is nothing much
for it. We can try to find a more accurate way to solve the problem or to use the
numerical solution in some other fashion. But in our experience, rapid exponential
growth of errors is rarely found outside short transition periods and the error bound
(1.3) is generally not accurate past initial transients.

In the bistable problem for example, experimentation shows that the time scale
for the collapse of the wells is virtually the same for any numerical solution computed
with time steps and space meshes that are finer than some minimum level of dis-
cretization determined primarily by ¢. The time scales for solutions that start with
perturbed data are also the same provided the initial positions of the transition layers
remain fixed. Furthermore in Estep [27], we prove that approximations of metastable
layers computed using schemes that preserve the energy functional that exists for the
continuous problem move on the same time scale as the true layer provided the space
meshes and time steps are sufficiently fine depending on €. None of these facts amount
to an analytic estimate that says that the error of numerical solutions remains small
for all time, but they do suggest that the exponential bound in (1.3) is too severe.

Part of the difficulty i1s caused by the ambition inherent in the goal of a priori
error analysis, which is essentially to estimate the error of any numerical solution on
any interval in the possible range of times without using any particular information
about a solution. This might be a reasonable approach for many linear problems,
for which stability and regularity properties of solutions are often uniform. However,
nonlinear problems characteristically allow localized behavior in classes of solutions.

This is easy to demonstrate with the bistable problem. In Fig. 1.2, we show two
sets of initial data and the corresponding solutions at time ¢ ~ 3.33. The initial values
are small oscillations around a constant value: one is centered around the unstable
steady-state u = 0 and the other around the stable steady-state u = 1. Though the
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Fi1G. 1.2. Plots of solutions of the bistable equation at t & 3.333 and the corresponding initial
data. The data have the same regularity but the solutions at later tames have much different regularity
properties.
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two initial functions have the same regularity, only a short time later, the correspond-
ing solutions have much different regularity properties. This is example of localized
regularity properties of solutions. The ability to distinguish different regularity prop-
erties is necessary to estimate the error of numerical solutions accurately. Fortunately,
differences in regularity are often obvious, even to the eye. Unfortunately, stability
properties of solutions are also generally localized and the effects of stability can be
difficult to detect. In Fig. 1.3 (a), we plot the initial data used in Fig. 1.2 centered
around u = 0 together with a slightly perturbed function. In Fig. 1.3 (b), we show the
corresponding solutions at time ¢ &~ 10.0. We plot the results of a similar computation
using the data in Fig. 1.2 centered around w = 1 in Fig. 1.3 (¢) and (d). Solutions
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F1c. 1.3. Solutions of the bistable problem. (a) Plots of the initial data and a slight perturbation
and (b) plots of the corresponding solutions at t & 10. (c) Plots of the initial data and a slight
perturbation and (d) plots of the corresponding solutions at ¢ & 3.33.

that begin near the fixed point u = 1 are very stable in the sense that nearby data
all converge rapidly to the same function. But the problem is very sensitive to per-
turbations in data that are near 0 as can clearly be seen. Moreover, note that the
two solutions shown in Fig. 1.3 (b) are quite different in the sense of the subsequent
evolution of metastable states, yet essentially possess the same regularity properties
and on that basis, it would be difficult to distinguish between them.
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As we show below, numerical errors do accumulate at an exponential rate in the
bistable problem during transient periods like those when the patterns displayed in
Fig.’s 1.2 and 1.3 form, as suggested by (1.3). However, the accumulated numerical
error actually decreases abruptly after the pattern has formed and the slow-motion
regime takes over. Then a new period of accumulation begins.

In other problems, like the Lorenz system discussed below, solutions can undergo
dramatic changes in stability without any changes in regularity properties. Thus, it
appears necessary to take into account both the regularity and the stability properties
of individual numerical solutions in order to obtain an accurate estimate of their error.
Attempting to directly estimate the rate of accumulation of error is a feature of the
approach to error estimation proposed in this paper that is not commonly encountered
in the literature. This aspect is the most problematic part of the proposed theory in
terms of costs and analytical difficulties, but practical experience appears to present
no alternatives.

Because a general a priori analysis must treat the worst possible case in terms of
regularity and stability properties of solutions, it is not surprising that the results tend
to overestimation. The solution that we propose is to compute an a posteriori estimate
of the error of each specific numerical solution using information obtained from the
numerical solution itself. In other words, we propose using computational work to
make up for our analytical deficiencies. Accordingly, the mathematical analysis in this
paper is directed towards justifying the process used to produce the computational
error estimate rather than towards estimating the size of the error itself. There are
a priori ingredients in the theory outlined in this paper since, of course, we cannot
ignore the classic considerations of well-posedness; consistency, and stability. But
because we redirect the analysis away from estimating the size of the error itself, we
can use these ingredients in a different, and in some sense more efficient, manner. For
example, we employ an a priori error estimate similar in form to (1.3). However, we
only use the estimate over one time step.

In this paper, we are concerned with the “pointwise” approximation of individ-
ual solutions, which is fundamentally important in applications. Of course, there are
different ways to analyze differential equations numerically. For example, we might
require the numerical method to accurately approximate some dynamical (long-time)
feature of the continuous problem rather than individual trajectories. Another pos-
sibility is to get information from numerics using a statistical approach: trying to
measure some average quantities from many computations without expecting individ-
ual computations to be accurate over a long time. But in our opinion, any analysis
that uses information computed from individual trajectories requires some notion of
accuracy for the individual trajectories. Simply, we cannot expect to get any useful
information from completely inaccurate, non-physical computations. For example, nu-
merical solutions of the bistable equation that have become “locked” will not give the
correct time scales for substantial motion of layers. One way to view the work in this
paper is as a method for determining the time scale over which accurate trajectories
can be computed.

The main contributions contained in this paper are these. We develop a general
theory of a posteriori computational error estimation for numerical solutions of sys-
tems of nonlinear reaction-diffusion equations that may include coupled ordinary and
partial differential equations. The theory is based on computing the residual error
of the approximation and estimating the accumulation of errors. We present a new
approach to analyze a posteriori error estimates for numerical solutions of differential
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equations that divulges both the theoretical and practical meaning of the estimates.
The analysis is based on a few reasonable a priori assumptions about the problems
and the numerical methods, and in particular, requires minimal regularity of the so-
lutions. We also discuss some important issues that arise in practice when estimating
the error of numerical solutions. We use the theory to estimate the error of typical
numerical solutions of nine standard reaction-diffusion models and for the first time,
make a systematic comparison of the time scale over which accurate numerical solu-
tions can be computed for these problems. Finally, we apply the general theory to
the class of problems that admit invariant regions for the solutions, which includes
seven of the main examples above, and obtain stronger results in the analysis of the
a posteriori error bound.

The work in this paper is part of an on-going collaboration devoted to deriving
a posteriori error estimates for general differential equations based on residual errors
and Galerkin orthogonality. The review article Eriksson, Estep, Hansbo, and Johnson
[20] contains a description of the work and an overview of the literature associated
to this project while the text [21] presents the theory for linear ordinary and partial
differential equations. This approach was suggested originally for ordinary differential
equations by Johnson in [46] and first carried out for linear parabolic equations in
Eriksson and Johnson [23]. Estep first applied this approach to nonlinear ordinary
differential equations in [28].

The general a posteriori analysis of Section 2 is closely related to Eriksson and
Johnson’s work on linear and nonlinear parabolic problems in [22]-[26] as well as
the analysis for nonlinear ordinary differential equations in Estep [28] and Estep and
French [29]. Eriksson and Johnson have concentrated their analysis mainly on strongly
parabolic problems for which it 1s possible to derive accurate a priori bounds on the
rate of accumulation of errors. In this paper, we treat systems of coupled parabolic
and ordinary differential equations under more general assumptions on the stability
properties of the solutions which allows a greater variety of behavior in solutions than
occurs for strongly parabolic problems. We have to modify the a posteriori analysis
to handle the more general system, especially with regard to the presence of ordinary
differential equations, and we have to take a different approach to analyzing the a
posteriori error estimate. We also treat systems that admit invariant rectangles for the
solutions, showing how to preserve this special stability property in the finite element
discretizations and discuss the consequences for the a posteriori error estimate.

Estep [28] and Estep and French [29] considered initial value problems under gen-
eral assumptions allowing significant growth of errors and systematically developed
the idea of computationally estimating the rate of accumulation of errors. Estep and
Johnson [31] used this approach to analyze the chaotic behavior of the Lorenz and
Duffing systems. Eriksson and Johnson [25], [26] discussed the rate of accumulation
of errors in nonlinear parabolic equations analytically using the a posteriori estimate.
Estep and Williams [35] discussed the practical issues involved in estimating the error
of numerical solutions of large, sparse problems and computationally estimated the
rate of accumulation of error in the bistable example (1.2). More recently Sandboge
[61] studied the computational estimation of the rate of accumulation of errors in
nonlinear parabolic equations. This paper presents a new approach for interpreting
and analyzing the a posteriori error estimate including a result that shows that under
minimal assumptions the residual error of a numerical solution can always be made
small by refinement and a more complete analysis of the estimation of rates of ac-
cumulation of errors. This paper also discusses some general issues that arise in the
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implementation of the theory in the numerical solution of parabolic partial differential
equations.

Other approaches to a posteriori error estimation of numerical solutions of para-
bolic problems can be found in the work of Adjerid and Flaherty, [1], [2], Bieterman
and Babuska [4], [5], Moore [52], and R. Nochetto, M. Paolini, and C. Verdi [54], [55],
[56]. Most of this work is not based on the residual error, but instead depends on a
comparison between approximations of different accuracies to give some estimate of
a “local” error.

Lastly, an important early mathematical paper that discusses the use of adaptive
finite element methods for parabolic problems is Dupont [17]. The paper by Hoff
[45] discusses the preservation of invariant rectangles for reaction-diffusion equations
under discretization by finite difference methods.

The plan of the paper. In Section 2, we develop a general theory of a posteri-
ori error estimation of numerical solutions of (1.1) in one and two space dimensions.
We carry out the analysis for two finite element space-time discretizations called the
continuous and discontinuous Galerkin methods. With some straightforward modi-
fications, the theory applies to other finite element methods and also to difference
schemes that can be written as a Galerkin finite element method with an appropriate
choice of quadrature to evaluate the integrals in the variational formulation. Many
standard schemes can be written in this way and we consider one example in detail.

The a posteriori theory is based on estimating the error in terms of the residual
error of the numerical solution which, roughly speaking, is the remainder resulting
from substituting the approximate solution into the differential equation. The residual
error 1s related to the error of the approximate solution through a proportionality
factor determined by the stability properties of the problem called a stability factor.
The stability factor is something akin to the condition number of a matrix in the
relationship between the error and residual error of a computed solution of a linear
system of equations. In this case, the stability factor is given by some seminorms on
the solution of a linearized adjoint problem to the original differential equation and it
1s a measure of the sensitivity of numerical solutions of the problem to computational
erTors.

In Section 3, we analyze the quantities in the a posteriori error estimate with the
goal of understanding its implications. In particular, we address two issues: is the
residual error defined and what is its size, and is the stability factor defined what is its
size? We answer these questions using a a set of a priori assumptions on the continuous
problem and the numerical method that are typical of the kind of results that are the
goal of classical analysis of reaction-diffusion equations. These assumptions hold for
various specific examples and we show that they hold for general systems of the form
(1.1) with constant diffusion.

We begin by showing that the residual error on any time step can be made arbi-
trarily small by refining the space mesh and time step. We also derive precise estimates
on the rate that the residual error tends to zero as the discretization is refined. We
also discuss the size of the stability factor and conditions that guarantee that it can be
approximated computationally. We conclude the section with a stability factor gallery
that displays the sensitivity to growth of discretization error in numerical solutions of
the various examples 1-9 above. We believe that this is the first systematic study of
the time scale for accurate numerical solution for these problems.

In Section 4, we discuss issues that arise when the a posteriori error estimate
1s incorporated into a code that solves reaction-diffusion equations numerically. The
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dominate theme is the approximation of the stability factor, since this involves the
numerical solution of the linear adjoint problem. We present the results of an exper-
iment that tests the accuracy and reliability of the a posteriori error estimate using
the bistable example (1.2). We also discuss an unresolved issue having to do with
linearization and present some numerical results regarding this point.

The analysis up to this point is conducted under very mild assumptions on the
problem; really no more than necessary to guarantee that the problem is well-posed
in a convenient Sobolev space over short time intervals. The results we obtain reflect
this. In particular, while the error can be estimated using the a posteriori error
estimate, the results do not imply that the error of the numerical solution decreases if
the residual error of the numerical solution decreases. The reason is that the stability
factor depends on the approximation itself and so it can grow if the discretization is
refined. We might expect such behavior in a problem in which solutions “blow-up”
at a finite time for example.

In Section 5, we obtain stronger results about the quantities in the a posteriori
error estimate by considering systems of reaction-diffusion equations of the form (1.1)
that admit invariant rectangles for the solutions under the assumption that there is an
invariant rectangle for the numerical method as well. We treat this class of problems
because it contains many important models. Examples 1-7 above are problems that
admit invariant rectangles.

We show how to preserve invariant rectangles under discretization in two ways.
First we show that there is an invariant rectangle for the approximation that is close
to an invariant rectangle for the true solution if the residual errors are kept sufficiently
small independent of time. This result applies to all of the finite element methods con-
sidered in the previous sections. Second, we show that certain finite element methods
have the special stability property that any invariant rectangle for the solution of the
differential equation is also invariant for the approximate solution. These methods
require some modification of the general theory of a posteriori error analysis and we
discuss this as well.

The remaining sections contain details of the analysis.

Acknowledgment. The authors gratefully thank Roland Freund, Jack Hale,
Theodore Hill, David Hoff, Jeffrey Rauch, and especially Claes Johnson for useful
advice.

2. General a posteriori error analysis: ingredients for compu-
tational error estimation.

We begin by developing a general theory of a posteriori error analysis of approx-
imate solutions based on residual errors. Roughly speaking, the residual error of an
approximate solution is obtained by substituting the approximation into the differen-
tial equation. The residual error is related to the error of the approximate solution
through a factor determined by the stability properties of the problem called a stability
factor.

2.1. An analogous problem in numerical linear algebra. Our approach is
explained easily in the context of the numerical solution of a linear system of equations.
The problem there is to estimate the error of a numerical solution X of

A = b.
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The residual error of X is defined simply as
R=AX -}

and is generally not zero. The point is to relate the unknown error € = & — X to the
computable residual error R.

There are at least two ways to do this. First, we can use the fact that the residual
error of the true solution is zero to write

AZ = —R.

We can then try to obtain an approximation of the error by solving this equation
approximately in some fashion. This 1s not the approach that we use in this paper but
it is related to the classic method of estimating the error using high order asymptotic
error estimates.

Instead, we settle for the less ambitious goal of obtaining an estimate on the size
of a projection of the error. We introduce the dual problem

AT =14,
where 1/7 is any unit vector. Computing, we find
(& D) = 1(8,ATE)| = |(AZ.8)| < Il R]).

Thus we obtain an estimate on the size of the projection of the error in the direction of
the data for the dual problem in terms of the sizes of the solution of the dual problem
and the residual error. If we could be so fortunate to choose 1/7 = ¢/||é]| for example,
then we would get an estimate on ||€]|.

We call ||q/;|| the stability factor for this problem. It is related to the condition
number of A. In fact it follows that

g R

where cond (A4) = ||q/;|| [A]] = ||A~T||||Al|. Hence the stability factor is a measure
of the sensitivity of numerical solutions of the problem to computational errors.

First, we lay the groundwork for the analysis for differential equations by defining
the schemes, residual errors, and stability factors. Next, we derive the a posteriori
error estimate.

2.2. The continuous problem and its discretization. We study a system
of D reaction-diffusion equations consisting of d, 1 < d < D, parabolic equations and
D — d ordinary equations for the RY valued function u = (u;):

w; — Vo (6i(u, 2, ) Vug) = fi(u,z,t), (z,1) e QxRT 1<i<D,

ui(z,t) = 0, (z,) € 00 x RT, 1< i< d,

u(z,0) = up(z), r e Q (2.1)
where € is an interval in R' and a convex polygonal domain in R? with boundary 9,

u; denotes the partial derivative of u; with respect to time, and there is a constant
€ > 0 such that

e (u,z,t) > efor 1 <i<dand ¢(u,z,t) =0 for the rest.



NUMERICAL SOLUTION OF REACTION-DIFFUSION EQUATIONS 13

We also assume that € = (¢;) and f = (f;) have smooth second derivatives and for
simplicity, we write ¢ (u,z,t) = €(u) and f(u,x,t) = f(u). We use uf and u° to
denote the parts of u associated to the parabolic and ordinary differential equations
respectively. In other words, ul’ = u; for 1 < i < dand uf =0 ford < i< D and
u® =u—ul.

The presence of ordinary differential equations in the system (2.1) has strong
consequences for the regularity properties of solutions. In particular, we can expect
parabolic smoothing to occur only for «?, while the regularity of u° is generally deter-
mined by the regularity of «? and the initial data since f is smooth. This affects the
analysis of the approximation error, for which we try to assume minimal regularity of
solutions.

Remark 2.1. Tt is completely straightforward to extend the a posteriori error estimate
derived in this section to systems of equations that include convection terms of the
form B;(u,x,t) - Vu; in the i’th equation, 1 < ¢ < d, as well as problems with other
boundary conditions. We do not give the details to save space.

We consider two finite element space-time discretizations of (2.1) called the con-
tinuous and discontinuous Galerkin methods. A finite element approximate solution
is a piecewise polynomial function that solves the weak or variational formulation of
(2.1) for all test functions in an appropriate finite dimensional space. The variational
formulation is obtained by multiplying (2.1) by a test function, integrating over time
and space, and using Green’s formula on the diffusion term. Both methods use con-
tinuous piecewise linear functions in space, yielding nominal second order accuracy.
For simplicity, we consider the piecewise constant and piecewise linear discontinuous
Galerkin methods, yielding nominal first and third order accuracy in time, and the
piecewise linear continuous Galerkin method, yielding nominal second order accuracy
in time. The analysis however extends directly to methods with higher order accuracy
in time.

With appropriate choice of quadrature, these Galerkin methods yield standard
difference schemes. Conversely, many standard first to third order implicit difference
schemes for (2.1) can be interpreted as one of these finite element methods imple-
mented with a suitable quadrature. However, the finite element framework is more
convenient for a posteriori error analysis.

We partition [0,00) as 0 = tg < t; < la < -+ < 1, < ..., denoting each time
interval by I, = (tn—1,%,] and time step by k, = ¢, —t,_1. To each interval I,, we
associate a triangulation 7, of € arranged so the union of the elements in 7, is
while the intersection of any two elements is either a common edge, node, or is empty.
In order to preserve approximation properties in two space dimensions, we assume
that the smallest angle of any triangle in a triangulation is bounded below by a fixed
constant, or equivalently that there is a constant Ay independent of the triangulation
T, such that area(K) > Ao diam(K)?, where diam(K) is the length of the largest side
of K, for any triangle K € 7,.

Remark 2.2. We use \; to denote mesh ‘parameters’ quantifying the qualities of the
mesh and time steps. Constants in the estimates below typically depend on these
parameters.

Note that mesh changes can occur across time nodes. To measure the size of the
elements of 7,,, we use a piecewise constant function h,, called the mesh function,
defined so h,|x = diam(K) for K € 7,, We also use hp min = minh, (-) and hy, max =
max h,(-) and denote the global mesh function by h, where h|;, = h,,. Similarly, we
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use k to denote the piecewise constant function that is k, on I,,. When the time level
is clear in the context, we abuse notation by dropping the subscript n.

The approximations are polynomials in time and piecewise polynomials in space
on each space-time “slab” S, = Q x I,,. In space, we let V,, C (H(Q))¢x (H(Q))P~4
denote the space of piecewise linear continuous vector-valued functions v(z) € RP
defined on 7,, where the first d components of v are zero on 9€2. Then on each slab,
we define

Wi= {w(x,t) sw(e,t) = thvj(l‘), vi € Vi, (2,1) € S”}'

Finally, we let W9 denote the space of functions defined on the space-time domain
Q x RY such that v|s, € W7 for n > 1. Note that functions in W7 are generally
discontinuous across the discrete time levels and we denote the jump across t, by
[w], = w} — w; where wF = lim,_,; + w(s). To define the methods, we use the L?
projection operator P, onto V,,, i.e. P, : L%(Q) — V,, is defined by (P,v,w) = (v, w)
for all w € V},, where (-, ) denotes the Ly(£2) inner product. We use || || for the L
norm. The global projection operator P is defined by setting P = P, on S,,.

The continuous Galerkin ¢G(q) approximation U € WY satisfies Uy = Pyug and
for n > 1, the Galerkin orthogonality relation

/tn (U, vi) + ((U)V Ui, V) dt:/tn (Fi (U, v1) dt

n—1 n—1

q—1 ;
for all v € W2 ,1§Z§Da(2.2)

Udoi =Pl

Note that U is continuous across time nodes over which there is no mesh change. In
particular, it is usually the case that U = Ud". The discontinuous Galerkin dG(q)
approximation U € W1 satisfies U; = Pyug and for n > 1,

| @+ @V V) o (s of) = [ RO

n—1 n—1

forallve W1, 1<i<D. (2.3)

See Eriksson, Estep, Hansbo, and Johnson [21] for a general introduction to these
methods. Note that the true solution satisfies both (2.2) and (2.3).
To illustrate, we discretize the scalar problem

w— Au=f(u), (z,t)eQxRT,
u(z,t) =0, (z,t) €00 x RT, (2.4)
u(e,0) = ug(x), x €L,

using the dG(0) method. Since U is constant in time on each time interval, we let
ﬁn denote the M, vector of nodal values with respect to the nodal basis {1/)7172}%’1
for V,, on I,. We let B, : <B">ij = (1/)7172',1/)”7]') for 1 < ¢,j7 < M, and By 1 :

(Bn,n—l)ij = (1/),172',1/)”_17]') for 1 <i:< M,, 1<j< M,_1 denote the mass matrices
and A, : <A”)z’j = (Vﬂ)nyi, V1/)n7j) denote the stiffness matriz. Then U, satisfies

(Bn - knAn)ﬁn - ﬁ(Un_)kn = Bn,n—lﬁn—la n > I,
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where (F(Un_))z = (f(U;),%n:). In practice, these integrals, and often the integrals
for the mass matrices B, and B, ,_1, are evaluated using a quadrature formula such as
the composite trapezoidal rule or lumped mass quadrature rule, see Section 3.3. If M,
is constant and the lumped mass quadrature 1s used to evaluate the coefficients of B,
and By, n—1 = By, then the resulting set of equations for the dG(0) approximation is
the same as the equations for the nodal values of the backward Euler difference scheme
for (2.4). Similarly, the ¢G(1) method is related to the Crank-Nicolson scheme and
the dG(1) method is related to the third order sub-diagonal Padé difference scheme.
See Estep [28], Estep and French [29], Estep and Larsson [33], and Estep, Johnson,
and Larsson [32] for further details.

2.3. The residual error. The intuition is that the residual error is computed
by substituting the approximation into the differential equation. Rigorously however,
the approximation does not have sufficient regularity to substituted into (2.1) point-
wise. This difficulty is overcome by using the variational formulation of (2.1) and
interpreting the residual error in the sense of distributions. The result is that there
are two contributions to the total residual error: (1) the remainder left over from sub-
stituting U into (2.1) inside elements and time intervals where U is smooth; (2) terms
arising from the low order regularity of the approximation across element boundaries
and time nodes. Of course, these are the two ways in which the approximate solution
is different from the true solution: it does not satisfy the differential equation exactly
and 1t does not have as many derivatives. It turns out to be important to distinguish
the contributions to the total residual error from these two sources since these er-
rors accumulate at different rates. Thus, we split the total residual error into several
contributing residual errors. The suitability of the following definitions, which are
suggested by the analysis of Eriksson and Johnson in [23] and [25], becomes apparent
when we derive the a posteriori error estimate and analyze its meaning.

First, we define the residual errors arising from space discretization. It is natural
to first divide the residual into two parts corresponding to the parabolic and the
ordinary differential equations in (2.1) because of their different regularity properties.
These residuals are distinguished by a superscript p or o. Inside an element K| we
define the two contributions:

RE(U); =U; =V - (U)VU; — f;(U), 1<i<d, (2.5)
RO(UY; =U; — fi(U), d<i<D, (2.6)

while the remaining coefficients are set to zero. Here the derivatives are taken only
in the interior of the triangle and in particular in the case of constant diffusion,
V- GZ'VUZ' =0.

There 1s an additional contribution to the residual for the parabolic equation
arising from discontinuity in the first derivative of U across element boundaries. This
is defined element-wise for K € 7, and 1 <17 < d:

1/2

Cy . =172 2
= — (h(K) area(K nok - €(U)[VUilar /2)" ds ;
- (R(K) area(K) /< (U) ) 97

R5(U);
AK\3Q
where [VU]sx denotes the jump in VU across the edge 0K, ngk is the unit outward

normal to 0K, and C; denotes the constant in the trace inequality applied on an ele-
ment K (see (6.6). This definition fits the intuition of a “discrete” second derivative in
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the case of piecewise linear approximations. For example in the case of constant diffu-
sion and a uniform triangulation of a two dimensional domain under the assumptions
on the mesh made above, there is a constant ¢ such that

Ry(U)i =¢ (Z (mK : %)2) 1/2,

oK

where the sum is over the three sides of K.

Finally, we turn to the residual associated with the time discretization where it 1s
unnecessary to distinguish between the parabolic and ordinary differential equations.
We define the R valued time residuals interval-wise on S, by

R(U)i = Ui — (V- ;()V)aU; — fi(U), 1<i<D, (2.8)
for the ¢G method and

R(U)i = Ui = (V- &i(U)V)aUs = fi(U) | + k7 |[Udnoa|, 1<i <D,
(2.9)

for the dG methods, where the discrete diffusion operator (V - €;(U)V)p, 1 < i< D,
is defined on I, by

(V- &(U)V)RV, W)= (e;(U)VV, VW) for all W € V,,.

There is an additional term in the residual associated to the dG method arising from
the discontinuity in the approximation across time nodes.

In the case of the scalar problem (2.4) with constant diffusion, the time residual
error becomes

U =AU = RO, (cG)
R(U) = {IU—AhnU— FO)| + kYU, (dG)

where the discrete Laplacian Ay, is the map from V;, into V,, with matrix B;lAn,
where B,, and A, are the mass and stiffness matrices respectively. This is the resid-
ual of the ¢G resp. dG time integration schemes applied to the system of ordinary
differential equations in ¢ that result from the semi-discretization in space of (2.1) by
the piecewise linear Galerkin finite element method.

To illustrate these definitions, we plot the residual errors for the bistable example
(1.2) discussed in Section 1 computed with the dG(0) method using a uniform space
mesh with 513 elements and the uniform time step .00111. In Fig. 2.1(a), we see that
the initial transient and the later transients are clearly indicated by the size of the
time residual R;. Likewise, as expected, the space residuals decrease markedly after
the collapse of each well. Note that the non-uniform behavior of the residual errors
in both z and ¢ suggest that efficiency could be gained by using non-uniform meshes
and time steps.

2.4. The dual problem and a formula for the error. As in the linear alge-
bra example, the next step is to determine a relationship between the residual errors
and the error of the approximate solution by introducing a dual problem to the differ-
ential equation. However, the argument is complicated by the fact that the differential
equation (2.1) is nonlinear, and in order to obtain a linear dual problem, we linearize
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F1G. 2.1. Residual errors for the bistable ezample (1.2) computed using the dG(0) method with
My =512 and kn = .00111 for all n. (a) Plots of the Ly norms of the residuals versus time. (b)—(d)
Plots of the residual functions versus xz at t & 88.

(2.1). Classically, a differential equation is linearized either around the true solution
trajectory or around the approximate solution trajectory and then the error of the
linearization is treated as a high order perturbation to the linearized equation. This
approach is problematic when applied to (2.1) however because controlling the per-
turbation term typically requires bounds on high order derivatives of the solution of
(2.1) that may be difficult or impossible to obtain. This approach is also misleading
because the accumulation of error is not determined solely by the stability properties
of the true or approximate trajectories alone. Rather it is determined by the stability
properties of the continuum of trajectories in a neighborhood containing both the true
and approximate trajectories.

We define the coefficients for the dual problem by linearizing around an average
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of the true and approximate solutions:

& =&(u,U) :/0 ei(us—i—U(l—s)) ds,

1 .
Bij = Bij(u, U) = /0 SZZ (US + U(l — 8))V(u]’8 + U](l — 8)) ds,

(2.10)

1 .
fij :ﬁ'j(U,U):/O gii»(us—I—U(l_s)) ds.

The regularity of u and U typically imply that € and f are piecewise continuous with
respect to t and continuous, H' functions in space while 4 is discontinuous in time
and space.

To derive the dual equation, we subtract the variational equation satisfied by the
approximate solution given by (2.2) resp. (2.3) on I, from the variational form of

(2.1). The linearization we have chosen yields the following pair of equations:

D
S (6() Vs - Vs — (1) VU - Vi)

i=1

D D
:Z QV(UZ—Uz)‘FZBU(u] _U]) -V (211)
‘ i=1

s
Il
-

and

> (filu)i — Z Fij(wi = Uiy, (2.12)

i=1 i,j=1
which hold for any test function . For example, (2.11) follows from the computation

D

Z(ei(u)VUi —a(U)VU;) - Vi

g
e

+ Z (u; — Uj)/o g;] (us + U (1 — 5))V(uis + Ui (1 — 5)) ds - Vel

i,7=1

&|&

(us+U(1— 5))V(ui5 +U;(1 - 5)) ds - V;

||Mc ||Mb

(us+U(1l —9))dsV(u; = U;) - Vi

The terms on the left-hand sides of (2.11) and (2.12) occur in the difference of the
two variational equations.

Written out pointwise for convenience, the dual problem to (2.1) associated to
time node ¢, 1s

—6i =V (&V6i) + 5L, Bij - Vo5 = X0y figdys (@,1) €Q % (£, 0],
1<i<D,

¢i (x,t) =0, (z,1) € 0Q x (t,,0],
1<i<d, (213)

o(z,1n) = n (), x € Q,
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In the case of the scalar problem (2.4) with constant diffusion, the dual problem is

—p—eAd = fo, (z,1) €Qx (t,,0],
o(x,t) =0, (2,1) € 0Q x (t,,0],
d(r,tn) = dn(x), = €Q.

In the case of one parabolic equation with nonlinear diffusion coupled to one ordinary
differential equation, the dual problem is

—¢1 = V-aVoi + fiiVeér = fiid1 + fiada, (1) € Q x (t,,0],
—¢3 + B1V 61 = fa161 + fando, (x,t) € Q x (1, 0],
é1(x,t) =0, (z,t) € 9 x (tp,0],
o(x,tn) = ¢nlx), zeq.

The dual problem (2.13) is actually posed in variational form and we require the
existence, uniqueness, and boundedness of the solution in appropriate Sobolev spaces.
Observe that (2.13) is solved “backwards”, i.e. from t,,, where the initial data is given,
to 0 and the time derivative term is multiplied by —1 to compensate. Note also that
Bij = 0 when d < j < D so that the first d equations of (2.13) are parabolic partial
differential equations while the remaining D — d equations are ordinary.

With these definitions, we are in position to derive relationship between the error
e = u — U and the residual errors, which we carry out explicitly for the ¢G method.
We use the L? projection operator into the piecewise polynomial functions in time,
denoted by m, : L?(I,) — P4(I,), where P4(1,) is the space of polynomials of degree
q or less defined on I,. We note that the product 7, P, : Lz(Sn) — W" equals the L?
projection onto W and that =, P, = P,7m,. We define the global projection operator
m by setting # = m, on S,

Multiplying the dual problem (2.13) by e, integrating over £ x (0,%,), and then
integrating by parts in time, we obtain

D B D B
0_2/ ch=bi = V&V 3y Vo= 3 ) d
j= Jj=

= (6?’(0),@(0)) = (67 (ta), diltn))

i=1 i=1

tn D B D
_Z/O ((6“¢ ) (Elvelav¢ +Z(6iﬁijav¢] Z fzya¢]
Jj=1 j=1

i=1

Writing ), eifBij-Voj= Do ejBji-V¢; and using (2.11) and (2.12), the third term
on the right-hand side simplifies to

D tn D ~ D
3 /0 ((6,60) + (@Ver + 3 Bries, Vo) — 3 (eifis» 67))
i=1 j=1

= é/otn ((uZ — V6 (u)Vu; — fi(u), ¢;)

— (00,60 + (@ (U) 05, V60) = ((0), ) ) .
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This expression simplifies further because u solves (2.1) and abusing notation to let
(v,w) = ZiDzl(vi, w;) for D—vector valued functions v and w, we obtain

(€ (1)) = (€ 01600) = [ ((0,0)+ («(0)VU. ) - v,

U also nearly solves (2.1), as expressed in the Galerkin orthogonality relation (2.2). We
can therefore insert the interpolant 7 P¢ of ¢ in W1 to obtain the error representation
formula:

(e (tn), 6n) = (e (0), 6(0))
+ [0 7P = 0) + (O)TU V(P — 0) = (F0). PO - 9) . (215)

A similar analysis for the dG method gives

(e (tn), én) = (e~ +Z Ji-1 (mPé—¢)F,)

+/0tn((U TP¢— )+ (c(U)VU,V(7Pé — ¢)) — (f(U), 7P¢ — ¢)) dt. (2.16)

The first term on the right in these formulas describes the propagation of the initial
error e (0) to time ¢, by scaling the initial error by the size of the dual solution
over that interval. The remaining terms on the right describe the cumulative effect
of errors made in solving the differential equation approximately. This part of the
formulation has the same form as the variational equation defining the finite element
method, except that the test function #P¢ — ¢ is not in the finite element space.
The test function is small however when the dual solution has sufficient regularity
since 1t is just the interpolation error of ¢ in the finite element space. Thus, the size
of the error is determined both by the size of the residual errors and the Galerkin
orthogonality of the approximation.

2.5. The stability factors and the a posteriori error estimate. To derive
the a posteriori error estimate, we split the integrals on the right in (2.15) resp. (2.16)
to obtain expressions involving the residual errors we defined above, then take norms
and estimate. If

¢ € Loo((0,1,); Lo(Q)), D& € L1((0,1,): L2(R)), and D*¢? € Ly ((0,1,); L2(Q)),
(2.17)

where 0 < o < 1 for the ¢G(1) and dG(0) methods and 0 < a < 2 for the dG(1)
method, then we can take optimal interpolation estimates on mP¢ — ¢, and this leads
to the follovvmg definitions of the stability factors that scale the various residual errors.
First, there is the stability factor associated to the propagation of the initial error:

So(0, 1) = [l¢(0)]]- (2.18)

The stability factor associated with time discretization by means of the ¢G(q) or

dG(q — 1) method is defined by

tn
SP0.6) =€ [ CIDreldr 0<as<y (2.19)
0]
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where C¥ is the interpolation constant in the L error bound for the Ly projection
into the space of scalar polynomials of degree « (see (6.2)). In order to define the
stability factors associated to space discretization, we denote the part of ¢ associated
to the parabolic and ordinary differential equations by ¢P and ¢° respectively. Then,

tn tn
S10,1) = €7 [P ana s20.6) = [t 220
0] 0]

where C? is the standard interpolation constant for the La error bound for the L,
projection into the space of continuous piecewise linear functions V,, (see (6.4)).

The respective values of the stability factors depends on the choice of ¢,, of course.
We discuss the choice of data in Section 4. As a minimum requirement to guaran-
tee that the stability factors are finite, we typically restrict ¢, to be a function in
@) x (H ()P4,

To illustrate, we compute the stability factors for the heat equation wy — uzy = 0
posed on the interval [0, 1] with Dirichlet boundary conditions. Later in the paper,
we compute approximate stability factors for various nonlinear problems. The dual
problem to the heat equation at ¢, is found to be the heat equation itself after the
change of variables t — ¢, — t. If we set ¢, = > .o ¢nisin(imz) then

1/2
1 2.2
SO(Oatn) = Z 5(/),2172»6_271— Vin
i>1
1/2
t
" 1 2.2
(CH7HSH0, 1) = (C2)71S2(0, 1) :/ S Lating o) s

0 i>1

We plot these functions versus ¢, in Fig. 2.2 for a generic choice of ¢, in H}. From
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t
— S0t (C)'SIO4), (©DSkO)

Fic. 2.2. Plot of So(0,tn) and (C})71SH0,tn) = (CE)71SE(0,tn) versus tn for the heat
equation with a suitable H& initial function given for the dual problem.

the plot, we see that Sy(0,%,) decays exponentially to zero as ¢, — oo, as expected
for the heat equation. The other stability factors tend exponentially to a constant
value & 1.146, indicating that there is essentially no accumulation of discretization
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errors after sufficient time has passed. Again, this is expected of implicit methods for
the heat equation.

We prove the following estimate on the error at time nodes in Section 6. We
let P, denote an interpolation operator into V, and P denote the associated global
interpolation operator defined so P = P, on S,. For example, P, = P, or Q,,
the nodal wnterpolation operator. In the statement of the theorem, ¢ = 1 for the cG
method and ¢ = 1 or 2 for the dG method.

THEOREM 2.1. For 1 < a < q, the error of the cG(q) or dG(q—1) approximation
at time t,, 1 < n, salisfies

(€™ (tn), 6n)] < So(0,£)lle™ ()] + S (0, £a)|I- Be(U) |l 1wiorr)
+ 5200, 4) (A2 RE O 1w (0,00 + A2 RE )] 0.00))

0 5 ) 2.21

+ 520,611 = PYRL(U |1 w00, (2.21)

Remark 2.3. The estimate on the projection of e~ (¢,) in the direction of ¢, (2.21)
turns into a estimate on ||e™ (¢,,)]| if we choose ¢,, so that (e~ (tn), ¢n) = ||l (tn)]]. For
example, we could choose ¢, = 7 (t,)/|le” (s)]|. The difficulty is that the stability
factors then depend on the unknown error at time ¢, that we are trying to estimate.
With this choice, therefore, we need to obtain estimates on the stability factors that
are independent of the initial data for the dual problem.

Remark 2.4. Note that the different residual errors are scaled by different stability
factors, giving the potential for the different residual errors to accumulate at different
rates. This 1s an important consideration when attempting to estimate the error
accurately.

Remark 2.5. We have posed the problem (2.1) beginning at time t = 0 and estimated
the error over [0,¢,]. The results extend to problems beginning at some time ¢, _1
and continuing to some time ¢,,, m > n, with the obvious change in notation, e.g.
SQ(O,tn) — SO(tn—latm)a etc.

In case the solution of the dual problem does not have sufficient regularity to
admit optimal order interpolation estimates, we use weaker stability factors. For
example, we can define

tn
st =cz [ v an,
0

with the appropriate CZ, and then a straightforward alteration of the proof of Theorem
2.1 shows

(€™ (tn), dn)] < So(0, )l ()] 4 S0, £ [k Re(U)|| 1w 001y
+ 520, 60) (BB 0,00 + BRSO 2 m0,00)

0 S ) 2.29

+ 8200, t) (T = PYR(U 1w 0,00 (2.22)

A weaker stability factor in time can be introduced similarly.

An error estimate at the time nodes for the finite element approximations cor-
responds to interpreting the methods as finite difference schemes and is usually the
main focus of interest. However, we can also prove an estimate for the error inside
the intervals with a modification of the proof of Theorem 2.1. The loss of optimality
in the term involving the time residual is due to the fact that Galerkin orthogonality
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does not hold over intervals that do not end at a time node. We prove the result in
Section 6.
THEOREM 2.2. The error al time t,_1 <1* <1, salisfies

(1), 6 )] < (e @)l + So () on | Re(U) | 1w o )
+ S0 ) (1D RO 1 (0.00) + D2 REO) |1 00))
0 (% 5 ) 223
+ 82 t)[(T = YR 1w 0,00 (2.23)

In the proof of Theorem 2.1, it is clear that different norms can be taken on the
residual errors and the stability factors. For example, the estimate can be viewed
as a “weighted” norm of the residual errors, with the weights determined by the
interpolation error of the solution of the dual problem. Another possibility is to avoid
taking norms on the right-hand side of (2.15) altogether. This would allow full reign to
the effects of cancellation of error and possibly reduce the tendency to over-estimation.
There are some practical difficulties with this approach however. First without clearly
defined residual errors, it becomes difficult to decide how to refine the mesh in order
to compute an approximation with greater accuracy given an approximation with a
large error estimate. Second, it becomes difficult to analyze the a posteriori estimate:
for example, to prove that the error decreases as the residual errors decrease, as we
show in this paper. Third, there is question of reliability. In practice, we can only
approximate the solution of the dual problem for a small set of data. Likewise, we can
only compute the residual errors at discrete times and approximate the integrals on
the right-hand side of (2.15) using a quadrature. The effect this has on the estimate,
and in particular on the tendency to chronic underestimation of the error, is difficult to
determine. Our computational experience with reaction-diffusion problems suggests
that taking norms inside the integrals on the right-hand side of (2.15) does not lead
to severe overestimation of the error most of the time. See Estep and French [29] and
Larson [48] for an analysis of a Hamiltonian system in which using norms in the error
representation does lead to chronic overestimation.

We can also obtain an estimate for different norms of the error by altering the
dual problem. For example, we can obtain a L;(Ls) estimate by posing the dual
problem

—i =V (&V:) + iy Biy - Vg — Soiey Fydy = i, (2,1) € Q x (1, 0],

1<i<D,
iz, t) =0, (,1) € O x (L, 0],

1<i<d,
é(x,ty) =0, x €€,

where the coefficients are the same as for (2.13). We derive an error representation
as above, obtaining

/0 (e, 9)dt = (¢+(0), 6(0))

tn .
+ [ (07P6 = )+ (U)TU. V(5P = ) - (H0), 7P = ) dr
0
for the ¢G method for example. We define
02(0,t0) = CP DY 0l a0y, 0 < a <y,
Sp2(0,1n) = CLIID*0||20,0,) and 87 5(0,t0) = 1[6°llLa(o,t4),
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for appropriate O and CT. Estimating as in the proof of Theorem 2.1, we obtain

tn
/0 (€™ (tn), ¥) dt‘ < So(0,8)le™ (0} + S22 (0, L)l Re (Ul 25(0,6.4)

+ 57 200, 10) (I1R* R (Ul 2(0,e,) + ||th’£(U)||L2<o,tn>2

g 2.24)
+.52,2(0, )T = PYRZ(U) |22 (0,60)

It 1s often the case that on theoretical and practical grounds, the error must be
controlled at all intermediate times even if the results are desired only at some (final)
time node t,. In this context, a disadvantage to the pointwise error estimate (2.21)
is that there is a different dual problem associated to each time node. Estimating the
error at every time node thus requires an estimation of the stability factors associated
to each time node. A better approach is to keep control of the error at all times in
the L1 sense via (2.24) and pointwise only at specific interesting times via (2.21). For
an example of Ly control of the error in time, see Estep, Hodges, and Warner [30].

3. Interpreting the a posteriori error bound.

In this section, we discuss the meaning of the Theorem 2.1. This is necessary
because without further analysis, the sizes of the residual errors and stability factors
in the a posteriori error estimate are unknown. For example, if the approximation
method is unstable then the residual errors can grow without bound as the mesh and
time steps are refined. Likewise, if the solution of the dual problem (2.13) does not
have sufficient regularity, then the stability factors would be infinite. Recall that a
classic a priori error bound is derived by establishing the consistency and stability of
the numerical scheme after assuming the well-posedness of the differential equation
and sufficient regularity of the solution. So far, we have not mentioned any of these
properties in the a posteriori analysis.

As a first goal, we show that the a posteriori error estimate is theoretically mean-
ingful in the sense that the quantities on the right-hand side of the estimate (2.21) are
finite and moreover that the residual errors on any interval can be made arbitrarily
small by refining the space mesh and time steps. To do this, we estimate the sizes of
the residual errors and stability factors after postulating a set of local a priori prop-
erties of the continuous problem (2.1), the dual problem (2.13), and the numerical
methods.

But this goal is not our main purpose. An important reason is that bounds on the
stability factors grow exponentially with time in general, for much the same reason
that general a priori error bounds grow exponentially. In practice, this appears to
over-estimate the effects of accumulation of error to the point of making the bound
uselessly inaccurate after a short time. Therefore, our second goal i1s to show that
the a posteriori error estimate is practically meaningful in the sense that the stability
factors and residual errors can be computed or estimated computationally.

Coincidentally, both goals are achieved more or less with the same analysis si-
multaneously. The estimates on the residual errors that indicate the rate they tend
to zero as the discretization is refined are used to indicate a strategy for refining a
given mesh in order to compute an approximate solution with a desired residual error.
Likewise, the analysis that shows the stability factors are bounded also show that the
solution of the dual problem can be approximated accurately using a finite element
method once the data and coefficients are specified. (There remain some important



NUMERICAL SOLUTION OF REACTION-DIFFUSION EQUATIONS 25

issues for computing the stability factors involving the choice of data and coefficients
that we discuss in Section 4.)

The a priori properties of the continuous problem and the numerical methods used
in the following analysis are typical examples of the kind of results sought after in
standard analysis of (2.1) and roughly speaking are the necessary ingredients to show
the methods converge. It appears likely to be difficult to establish these properties for
the general problem (2.1), and in fact, our goals could be achieved by making different
assumptions and estimating the residual errors and stability factors differently. For
example in several places, we indicate how weaker assumptions can be used. But, the
motivation for the assumptions in this paper is that they can be shown to hold for
many specific problems and classes of problems. We discuss an important class that
contains examples 1-9 in Section 3.3.

Remark 3.1. We emphasize that an important goal in the subsequent analysis is to
use minimal regularity of solutions. As mentioned above, this is partly due to the
fact that the regularity of solutions of reaction-diffusion equations is often unknown,
and in any case, we can not expect to find globally smooth high order derivatives in
general. There is also a practical reason. As much as possible, we want to choose
mesh and step sizes based on the criteria of controlling the approximation error rather
than choosing mesh and step sizes in order to fulfill requirements of the theory for
the estimation of the error. Strong requirements on the mesh and step sizes is a
characteristic of some other approaches to error estimation, like those based on high
order asymptotic estimates of the error which require refining the space mesh and
time steps relative to the size of higher order derivatives of solutions than appear in
the actual error estimate.

In this section, we make additional qualitative assumptions on the meshes and
time steps. First off, we assume the meshes are quasi-uniform in the sense that there
is a constant A, independent of the triangulation 7, such that Ay, max < A1hn min. In
addition, we assume that mesh refinement is performed so that the meshes are nested,
i.e. T, is obtained from 7T, _; either by refinement or coarsening, where in the case
of refinement, V,,_1 C V,, and conversely in the case of coarsening, V,, C V,_1. We
discuss the construction of meshes satisfying these assumptions in Section 4. It seems
likely that for some problems, the results could be extended to allow “locally” nested
meshes under a less stringent quasi-uniformity assumption, i.e. so both refinement
and coarsening can be used in each time step, but this would at the least complicate
the notation and analysis.

3.1. The size of the residual errors. The basic idea is to estimate the resid-
ual errors in terms of the error itself using the fact that the equation for the finite
element approximation 1s an approximation of the continuous differential equation.
Quantifying this approximation property is analogous to showing that the method is
consistent and stable over one step in the classic a priori analysis. The first result
says that the residual errors tend to zero in the limit of discretization if the error of
the method over one step tends to zero. In practice, it is also necessary to have a
quantitative estimate on the size of the residual errors. For example, we require such
information in proving that the a priori assumptions hold for the class of problems
considered in Section 3.3 and it is useful for deriving a mesh and time step refinement
strategy. The second result contains precise estimates on the residual errors assuming
a classic style a priori error bound for the finite element approximation and a set of
energy estimates bounding derivatives of a solution of the equation in (2.1) in terms
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of derivatives of the data hold over short time intervals.

A serious difficulty arises if we try to estimate the residual errors by comparing
the finite element approximation to the solution of the differential equation (2.1) over
even moderately long time intervals. Namely, the error may grow rapidly because of
accumulation and in any case classic a priori error bounds almost certainly do so. On
the other hand, the size of the residual error is a local property in the sense that on a
given interval it is determined by the difficulty of approximating nearby solutions on
that interval. To exhibit this local nature, we fix the value of the approximate solution
U, _, at time ¢, _; and then estimate the residual errors of the finite element solution
of (2.1) over the next time step [¢t,_1,%,] by comparing U to a local solution @ of the
differential equation in (2.1) over the interval that begins with “initial” data @,_, at
t,—1 that is close to U,,_;. In this way, a priori convergence results are used only over
one time step and the problem of the potentially catastrophic loss of accuracy over
longer times is avoided.

As initial data, U,,_; is not sufficiently smooth to expect that the corresponding
local solution will have the regularity required in the analysis. So, we form the initial
data by “smoothing” U, _,. We let u denote the solution of the local problem:

a4 — V- (e(u,2,)Vay) = fila,z,t), (2,t) €QAX (tho1,tn], 1 <i< D,
i, ) = 0, (£,8) € O % (tno1,tn], 1 < i< d,
W@ty 1) = tn_1 = TAW U (), z€Q, (3.1)

where T' denotes the solution operator associated to the Dirichlet problem for the
Laplacian on Q, i.e. T'g solves —ATqg = g on £ with Dirichlet boundary conditions
given by U _; on 0S2. We illustrate the smoothing in Fig. 3.1.

(@ (b)

-1

-1

-15 ‘ : : ‘ -15 : ‘ ‘ ‘
0 02 04 06 08 1 0 02 04 06 038 1

— iy oo Uy X — Uy oo U, X

F1G. 3.1. Plots of tin_1 and U _; where U__, approzimates a metastable pattern for the
bistable equation with e = .0009 using (a) 8 and (b) 16 wniformly spaced mesh points.

The following lemma, proved in Section 6, implies that « has sufficient regularity
for the analysis and gives a bound on the initial error.
LEmMA 3.1. Under the mesh assumptions above, the initial data @, € H?2(Q)N
HY(Q) and there is a constant C' depending on \; such that
i1 = Ul < CllAL AR, Ul = O (B2 0).

n,max
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F1G. 3.2. (a) Plot of Gn_y and U, _,, where U, _| interpolates g(x) which equals o for 0 < oz <
Sandl—o for 5<x<1 using 8 unzformly spaced mesh points. (b) Plot of a least squares line fit
through the data pairs (log(h),log(||n—1 — Un__1||)) where U, znterpolates g(z) using uniformly
spaced meshes. The least squares line has slope 1.5 with correlation p? = .9997.

We show an example in which this order of convergence is reached in Fig. 3.2. The
implicit constant in the ‘O’ in this result and those following is independent of the
local solution % and the mesh and time steps except for the A;. The assumption of
nested meshes is important for this result.

The first result (stated in a form to be valid for both the ¢G and dG methods)
bounds each of the residual errors in terms of the error € = u — U scaled by factors
depending on derivatives of 4 and the size of U.

THEOREM 3.2. Assume that @ € Loy (In; HY(Q)), & € Loo(In; L2(R)), and @ €
Loo(In; H3(Q)). Then there is a constant C' depending on \;, €, and f such that for
1<i<d,

1n Re(U)ill w1y < ClellLaarn) + knllhz el 1) (32)
+ kn ||h 6||L [Vl g,y + kall Al
+ kn ||VU||L o+ kn ||Uz||L )t Fn ||Ahn n-1,ill);
and ford <i <D,

[l Re(U)illz e () < C (el zeara) + Rl ry + Rl lAn, Uy 1),

(3.3)
while
N RE(U)| Loz < CUlEN Loz (L + N NVallz _ry + UG 1)
F1rn Vel ooz 1hn Vall L (r) F U 2 (1))
+ ki@ oo (1) + 1B2AE || (1)), (3.4)
A2 R (UL (1) < ChaVE L r,y + 1 AT |1 1,)), (3.5)

and finally with P = P,
I = PYRUO ety < OOVl iry + el ), (3.6)
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while with P = Q,

1/2
(7 = PYRUU L owir,y < C ( > ||h721(K)szo(U)||%w(1n;L2(K))) :

KeTn (3.7)

If in addition @ € Loy (Iy; H2(Q)) then
11 = PYR(U) o1y < C1haVallz 1, + 1IR3 A L (1) + ||5||Lw(1n))~( )
3.8

The proof, given in Section 6, uses straightforward but tedious estimates based on
the fact that the residual error of the true solution of (3.1) is zero, a trace inequality,
and an inverse estimate. The latter two ingredients are the reasons for the stricter
mesh assumptions.

The constant €' depends on the Lipschitz constants and the sizes of €, Vye, f,
and V, f and the size of the second derivatives of f in a region containing both U and
u over I,. If we assume a uniform bound on these quantities then C'is truly constant
over time. This turns out to be justified in the special case analyzed in Section 5.
Otherwise, the value of C' could vary from one interval to the next.

This analysis and the estimates on the residuals simplify considerably in the case
of constant diffusion:

COROLLARY 3.3. Ife; 1s constant for 1 <i<d, then

Nk Re(U)illz o) < CUIELirn) + kallhy el ra) + Ealltill o 1)
+ knllAUl Lo (r,) + kallAn, U1 4ll), 1<i<d, (3.9)

and

1R2 R ()| (r) < CUIENLwrn) + knlli Lz, + IBEAG L (r,)), 5.10)
3.10

while the other estimates in Theorem 3.2 remain the same.

In particular, Theorem 3.2 implies that the residual errors of an approximate
solution of a problem with sufficiently smooth solutions computed using a consistent
and stable scheme can be small even when the error is large. Recall that an analogous
result holds for numerical solutions of linear algebraic systems. This is a rather
startlingly consequence, which we illustrate with the Lorenz system:

r = —10x + 10y,
y=28x—y—uxz, (3.11)
z

S

where we have chosen parameters that are believed to lead to chaotic behavior. Chaos
is perhaps difficult to define, but certainly for this problem, the error of any numerical
solution grows as time passes and eventually any numerical solution becomes inaccu-
rate. We plot two numerical approximations of the same solution in Fig. 3.3. Following
Theorem 3.2, we can compute a numerical solution while keeping the residual error R;
over each step below a given residual error tolerance. The a posteriori error estimate
implies that as long as the stability factor 1s bounded on a given interval, we can de-
crease the error on the interval by decreasing the residual error tolerance. In Fig 3.3
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Fi1c. 3.3. Two numerical approzimations of the trajectory of the Lorenz system corresponding
to initial data (1,0,0). The numerical solution on the left is computed by keeping the residual
errors below 107° on every step and is accurate to within .5%. The numerical solution on the
right is computed by keeping the residual errors below 10™% on every step and first becomes grossly
maccurate around t = 17.8.

(a), we show a numerical solution computed with residual error tolerance 10~ that is
accurate to within 5% on [0, 30]. In (b), we plot a numerical solution computed with
residual error tolerance of 107° that first becomes grossly inaccurate at ¢ ~ 17.8 and
remains very inaccurate after that. An interesting question is why exactly does the
trajectory in (b) become very inaccurate suddenly? To show that this question has a
wider scope, we plot the x component of numerical solutions computed with increas-
ing accuracy, i.e. decreasing residual error tolerances, in Fig. 3.4 (a). As the residual
error tolerance decreases, the corresponding numerical solution remains accurate for
a longer time as expected. It is interesting to note that all the numerical solutions
become grossly inaccurate for the first time in the same region of phase space. This
suggests that there is one mechanism behind the sudden decrease in accuracy. This is
not due to the residual error becoming large suddenly however. We plot the residual
error Ry of the numerical solution shown in Fig. 3.3 versus time in Fig. 3.4 (b). The
residual error does not become large near ¢ &~ 17.8 even though the error suddenly
increases there. We investigate this further below. See Estep and Johnson [31] for
further numerical analysis of the Lorenz system.

Because the data for the local solution of (3.1) depends explicitly on the mesh
for the n’th interval, we have to determine the dependence of @ and its derivatives
on h, in order to show that the residual errors actually tend to zero as the mesh
size and time step are refined. We do this in the next theorem by assuming more
information about the rate of growth of derivatives of @, as measured in terms of
energy estimates, and the rate of convergence of the numerical method, as measured
by an a priori error bound. These assumptions are suggested by well-known properties
of parabolic equations and we prove that they hold for the class of problems considered
in Section 3.3. The proof of the following theorem is presented in Section 6.

THEOREM 3.4. Assume that @ € Loy (In; HY(Q)), @ € Loo(In; L2(R)), and @ €
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Fic. 3.4. (a) Plots of numerical approzimations of the z component of the Lorenz system
computed with decreasing residual error tolerances wversus time. As the tolerance decreases, the
computations remain accurate for longer times. All the computations become grossly inaccurate for
the first time in the same region of phase space near the z amis. (b) Plot of the residual error Ry of
the numerical trajectory shown in Fig. 3.3 versus time. The residual error is not particularly large
at the point where the solution becomes grossly inaccurate.

Loo(In; H3(Q)) and that there is a constant C' depending on \;, €, and f such that

IViillLoo(zr,) < Ce“ (|| Vttn -yl +1)

188 Looqr) < Cen (|| At || + [Vt -] + 1)
16" |zoor,) < Ce¥ (| ATl + ||Vl +1)
i Nl zoor) < C.

In addition, assume that the numerical approzimation satisfies the energy estimates

107 | oo,y < CUUZSIN+ Rall VUS| + Fn), (3.16)
1% ||Loo ) SCUTT N+ kn), (3.17)

and the a priori error bound

ez ez < Cllbn At 1] + Ce“* (knl [l (1) + 107 Al r,)- (3.18)
3.18
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Then with P = P,

[l BE (U2 1,y < Ce (11h5 An, Ul + IBEV U+ 3
+ ki (b S 1152 A, U ||+ 1RV U_4)

n mln

(1+||h A Un ||+ IVU )

e (|15 A, Uiy | 1 0 4 b))
ke RO (U Lo 1,y < ceCknB(Un— Lo P k)

IIhiR’;(U)IIqun)SCeC’“ (LUl s Ap, Uy L+ 1 VUl

+ kYU + 0P+ s A, Uy |

F VU P + kR IVUP) - BUL_ B, k)
12 R (U )Ly (1,) < Ce“*B(U,, hn,k>

n—1

II(I—ﬁ)RZ(U)IIqun) < e (Mn VUL P 4 Nl An, U |
+B( n—1» ”’kn))a

where

B(U_ys iy k) = A5 An, Uyl + ARV U+ iy s+ Kl A0, Uy |
+ kn|[VU ]| + k.

Lemma 3.1 implies that ||k, R} (U)||_(z,) can be bounded as

(h3/2 +k2h_5/2 +ky, h—1/2)

n,max 7 n,min n,min

while the rest of the residuals can be bounded as

O (K32 + kb W2 ).

n,max n,min

514

n mm) then the residuals all tend to zero as h, max

Therefore, if we choose k, = 0(

and k, tend to zero. If we choose the scaling k,, = C'h2 which is expected in light

of (3.18), then all the residuals tend to zero as O(hn/éax) as the mesh size and time
steps are refined.

Remark 3.2. Estimates (3.16) and (3.17) on the finite element approximation can
typically be proved for the dG and ¢G methods following the same analysis used to
show the energy estimates on the continuous solution. We give an example in Section
3.3. The a priori error estimate (3.18) is closely related to the classic a priori error
estimate, but it is simpler to establish since 1t holds only over one time step. A classic
a priori error bound can be derived after (3.18) is established by using a discrete
Gronwall argument.

Note that this estimate on the residual is not optimal order in time for the higher
order ¢G(1) and dG(1) methods. An optimal order estimate would require energy
estimates on higher order time derivatives of solutions of (3.1). This in turn requires
sufficient compatibility between the forcing f and the boundary conditions rarely
satisfied in practice. In the case that an energy estimate for A?% can be proved, the
a priori estimate on R; can be modified to be second order in time for the c¢G(1)
method and third order for the dG(1) method. By the same token, it is possible to
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obtain even weaker estimates on the residual errors if necessary using straightforward
modifications of the proofs of Theorems 3.2 and 3.4. For example, (3.13) can be
replaced by

87 r) € O (AT |+ 1T+ 1)
and (3.18) by

NellLwir,y < CIREAL, U ||+ CeFr (knlltllL 1,y + 12 AT || (1,
+ 1hn V| Lo (1))

and estimates can be derived that show the residuals tend to zero as O(hrll{éax).

Remark 3.3. Apropos Remark 2.1, the assumptions in Theorem 3.4 are reasonable
for problems with convection terms in the parabolic equations provided the diffusion
‘dominates’ the convection. Recall that if the diffusion matrix € in (1.1) has diagonal
entries ¢; while the convection matrices 3; have diagonal entries ¢;;, the diffusion
dominates the convection if there is a constant C' > 0 such that 3;; < C¢; for all ¢
and j. Otherwise as mentioned, weaker estimates could be derived.

3.2. The size of the stability factors. The last step in the interpretation of
the a posteriori error estimate consists in showing that the dual problem (2.13) has a
unique solution satisfying the regularity conditions (2.17). In other words, we show
that the stability factors are defined.

We make some observations about the dual problem (2.13). First, note that while
the coefficients €, 3, and f are discontinuous in time, the discontinuities in time occur
only at the time nodes of the discretization, so we can solve the dual problem on
each time interval I, 1n succession and on each interval the coeflicients are smooth 1n
time. The size of the coefficients, for example whether they are uniformly bounded or
not, depends on the stability properties of the original differential equation (2.1) and
the numerical method. Since no boundary conditions are imposed on the variables
associated to the ordinary differential equations, in general the linear forcing term in
(2.13) does not satisfy the boundary conditions. This gives rise to the possibility of
boundary layers in ¢ affecting the size of S2 and S}.

Note also that when the original problem (2.1) has nonlinear diffusion coefficients,
the associated dual problem has convection terms, even if the original problem has no
convection. In particular if the diffusion coefficients vary rapidly or otherwise have
large derivatives, then the convection terms in the dual problem will be large. This
potentially has a strong effect on the stability factors, since it is generic to have both
characteristic and boundary layers in solutions of convection-diffusion problems with
strong convection.

In the case that the original system (2.1) consists entirely of parabolic equations,
i.e. d = D, then the techniques described in LadyZenskaja, Solonnikov, and Ural’ceva
[47] and Racke [58] can be used to establish the required properties of the solution
of the dual problem. The same techniques give the assumed energy estimates once
existence is established for a system of coupled parabolic and ordinary differential
equations. We show the necessary results for a class of problems coupling ordinary
and partial differential equations with constant diffusion in Section 3.3.

Remark 3.4. An a posteriori error estimate is superficially similar to an a posteriori
convergence result. An example of such a result is the analysis of the forward Euler
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difference scheme for an ordinary differential equation in Henrici [43]. By an a pos-
teriori analysis, the scheme is shown to define a Cauchy sequence that converges to
a continuously differentiable function which turns out to be the solution. We have
shown that under the right conditions, the residual errors of the Galerkin approx-
imations for (2.1) on any interval can be made arbitrarily small and moreover the
stability factors on a fixed discretization of a time interval [0,T], where T = t,, for
some n, are finite. But without further information, it does not follow from the a
posteriori error estimate that the error can be made arbitrarily small by refining the
mesh and time steps. This 1s due to the fact that the stability factors depend on the
computed approximation, hence if we refine the mesh and time steps to compute an
approximation with a smaller residual error, we also obtain new, and possibly larger,
stability factors. In order to obtain a convergence result, we require bounds on the
stability factors that are independent of the approximation. One way to obtain such
estimates is to show a priori that all approximations computed with sufficiently fine
time steps and space meshes are contained in a compact set in R”. We discuss this
further in Section 5.

As we mentioned, the analysis bounding the stability factors also provides the
minimum ingredients necessary in order to expect to be able to compute accurate
numerical approximation of the solution of the dual problem and the stability factors.
This is what we do in practice. To illustrate the potential gain from this effort, we
consider the Lorenz system (3.11) and the bistable example (1.2) once more. The
technique used to compute the approximate stability factors shown in the following
plots 1s described in Section 4.

Recall that the trajectory of the Lorenz system plotted in Fig. 3.3 (b) first becomes
grossly inaccurate at ¢ & 17.8 but the residual error R; is not particularly large at
this point. In Fig. 3.5(a), we plot an approximation of the stability factor S} (0,¢,) at
many time nodes. S}(0,t,) does not grow exponentially at a steady rate. In general,
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Fi1G. 3.5. Log plots of the approzimate stability factor Stl (0,tn) versus time for the trajectory
plotted in Fig. 3.3(b). (b) shows the values of the SL(0,tn) during the first period of rapid increase.
This coincides with the transition from orbiting around one nonzero fized point to orbiting around
the other nonzero fized point. A line fitted to the data during the period of greatest increase shows
that S} (tn) is growing ewxponentially Like exp(4.1t) with correlation p? = .997 during this time.

the parts of trajectories where the solution revolves around one of the nonzero fixed
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points are characterized by a polynomial rate of growth of S}(0,¢,) with respect to
t,. But this slower growth is punctuated by short periods of exponential growth while
a solution passes from the neighborhood of one fixed point to a neighborhood of the
other fixed point. This is clear in Fig. 3.5(b). This exponential growth coincides
exactly with the time that the trajectory first becomes grossly inaccurate. In other
words, the cause of the sudden decrease in accuracy of numerical solutions of the
Lorenz system is that trajectories become strongly unstable in a region of phase space
near the z-axis. The instability reflects the fact that trajectories that are very close
as they approach the z-axis can end up around different fixed points. This is not
reflected in the residual errors of trajectories in the same region.

During the period of exponential growth, S}(0,¢,) is approximately proportional
to exp(4.1¢). This is less than the maximum rate of increase suggested by the standard
a priori error bound. However, we can find trajectories that pass closer to the z-axis
d for which S} does increase like exp(100t), see Estep and Johnson [31].

In Fig. 3.6, we plot the stability factors for the numerical solution of the bistable
problem plotted in Fig. 1.2 and the corresponding error bound. The stability factors
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Fi1c. 3.6. In (a), we plot the approzimate stability factors versus time for the trajectory of the
bistable problem plotted in Fig. 1.2. In (b), we plot the corresponding error bound.

grow super-exponentially as the transients are approached, yet overall remain moder-
ately sized because they decrease extremely rapidly to a value close to one after each
transient. This indicates that the trajectory becomes quite stable after each transient.
One possible explanation for this behavior is that the Lyapunov spectrum of the sys-
temn contains just one unstable mode that is initially very close to zero (exponentially
close in 1/€) during the beginning of a metastable phase but then subsequently grows
as time passes. In this case, the exponential factor in the a priori error bound clearly
overestimates the rate of accumulation of errors also fails to indicate the changes in
sensitivity of the solutions to perturbations that is inherent to the metastable phase.

In Section 3.4, we plot approximate stability factors and residual errors for typ-
ical trajectories of the applications discussed in Section 1. The technique used to
approximate the stability factors is described in Section 4.

3.3. Application of the theory to systems with constant diffusion. In
this section, we prove that the a priori assumptions needed for the a posteriori analysis
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hold for the system of reaction-diffusion equations with constant diffusion:

ui—eiAui:fi(u), (l‘,t)EQXR+, 1<i<D,
ui(z,t) = 0, (z,) € 00 x RT, 1< i< d, (3.19)
u(z,0) = up(z), r €,

where ¢; > ¢ > 0 for 1 <7 < d and ¢ = 0 for the rest. The analysis uses standard
energy arguments applied in ways that accommodate the presence of ordinary differ-
ential equations coupled together with the parabolic partial differential equations.

Remark 3.5. The analysis in this section also applies to problems with homogeneous
Neumann boundary conditions.

The local existence and uniqueness of the solution of a system of semilinear
parabolic equations with locally Lipschitz continuous reaction terms is a classical
result. Smoller [62] presents a proof based on a fixed point argument in the case when
the space domain is all of R?. A simple variation of this argument can be applied
to (3.19) (including ordinary differential equations) if we assume that the reaction f?
assoclated to the parabolic equations satisfies a compatibility condition on the bound-
ary. Namely, if f7|sq = 0 then there is a § = §(||uol|m2(q)y) such that (3.19) has a
unique solution

we CH(0,6); J[TH@ nu* Q) x [[ H*Q)
i=1 i=d+1

contained in some “ball” B(ug,p) C R centered at the initial value with radius p.
The compatibility assumption removes technical details having to do with regularity
at the boundary of Q. All of the examples mentioned in the introduction, except the
Hodgkin-Huxley equations and the morphogenesis model, satisfy this assumption.

The first result, proved in Section 7, gives the energy estimates used to estimate
the residual errors in the a posteriori estimate:

PRrROPOSITION 3.5. There is a constant C' = C(e, L), where L is the Lipschitz
constant of f on B(ug,p), such that

[Vu(t)]] < ClIVu(0)fle, (3.20)
[[Au? ()] < [[Au?(0)]] + Cf[Vu(0)[[e, (3:21)
[Au? (@] < C([Au(O)] + [IVu(O)]] + [[Vu(0)]*) e (3.22)

Remark 3.6. In the analysis below, we use the local existence of the solution u of
(3.19) on an interval [t,,_1,%,_1 + d,] with initial data @,_1 given at ¢,_; contained
in B(#n—1,pn) and Proposition 3.5 on the same interval with the obvious change in
the notation.

Remark 3.7. If f does not satisfy the compatibility condition, it is still possible to
show that

IV (1)) < [V (0)] + C1'/?,
IVu? (1)) < CIVu(0)]| + MV1)e,

/0 AP (s)|| ds < [[Vu(0)]| + MV,
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where M is the maximum of |f| on B(ug, p). This leads to correspondingly weaker
estimates on the size of the residual errors.

The next ingredients are the existence, stability, and local a priori convergence
properties of the approximation methods. The existence is again classical. We assume
that given U,_; for some positive integer n, there is a maximum time step K, such
that for all k, < K,, U exists uniquely on (¢,-1,%,) and is contained in the ball
B(U._1,pn). Such a result can be proved by a fixed point argument similar to the
argument used to show existence for the differential equation. See Estep and Stuart
[34], French and Jensen [38], and Mascagni [49] for related results.

Recall that we analyze the residual errors on I, by comparing U to the local
solution @ of (3.19) on the interval (t,_1,t,] with “initial data” @,_1 = TAp U _

n-n—1
obtained by smoothing U;_;. The following result contains the necessary stability
and accuracy estimates on U for the a posteriori theory.

ProposITION 3.6. Let M, denote the mazimum of |f| and L, the Lipschilz
constant of f on the convex hull of B(tn_1,pn) UBWU. _1,pn). There is a constant
C = C(My) such that for all time steps with k,L, sufficiently small, the three ap-
prozimations satisfy

NUP Lo (1) < C(IIU”’ Al knl[VURZ |+ ), (3.23)
IIU et < CUUZSN + Fn)- (3.24)

In addition, there is a constant C' = C(E,Ln) such that the ¢G(1) and dG(1) approz-
tmations satisfy

i = Ullzeer) < B D] + Ce*n (k2| D* @1 1,y + |1 D@l (r,))

k|t
+ Celkn 2”3“%“") (3.25)
kallall Lo (1,

and the dG(0) approximation satisfies

@ = Ullposr,y < Nhp Dt ||+ Ce™*r (kY 2| hy D> ||y (1) + 1R Dl Lo 1,))
+ Ce k||l p 1,y (3.26)

Remark 3.8. Tt is possible to replace the quantities in the middle on the right in (3.25)
and (3.26) by

kPN || 1) + Non Vil 1)

if weaker estimates are desired.
The results in Propositions 3.5 and 3.6 do not exactly match the assumptions in
Theorem 3.4, where the precise estimates on the size of the residual errors are stated.
However, the additional terms in (3.21), (3.25), and (3.26) can be handled similarly
to the terms in (3.13) and (3.18) and the result stated in Theorem 3.4 holds with
B(U_1, by k) = 115 A, Uy L+ 1A VUl 4 b e + I A, Uiy |2
B VU P + ka2l A, Uyl 4 kB VUL |

+ kR max + kB AR, Uy |* + kl/thl/zV _all?

+ knl| A, Up |l 4 Kl VUl + K
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This does not change the overall asymptotic result.
We conclude by estimating the size of the stability factors in the a posteriori
estimate. The dual problem for (3.19) reads

D
—¢i — iD= [iidj, vE€Ql, >1>0,1<i<d,
=1
. D — ]
—¢i = fii i, rE€EQt, >1>0,d<i<D, (3.27)
j=1
$i(x,t) =0, T EQt, >t>0,1<i<d,
(f)(l‘,tn) = ¢n(x)a S Q,

where the coeflicients

1
_ af;
fij :/0 3; (us+U(1—9))ds

are bounded, piecewise differentiable functions, continuous everywhere except at time
nodes ¢,,. The techniques used in LadyZenskaja, Solonnikov, and Ural’ceva [47] apply
directly to give the existence, uniqueness, and regularity of the dual solution required
for the definitions of Sy, S}, S2, and S2 to make sense. Furthermore, we prove the
following proposition in Section 7.

PROPOSITION 3.7. Let L, denote the mazimum of |fi;|, 1 < i,j < D, on Q x
[0,t,]. There is a constant C = C(e, Ly,) such that

16Ol < ¢ [lgnl
trn
/0 16°]lds < C (et — 1) |l

tn
[ 1adrds < el o+ o
0
t".
19 < (€ =)l + 82+ IS

tn .
/0 16°01 ds < (€% — 1)]|gnl]

We summarize this result by stating

max{So(0, tn), S} (0, 1), S50, 4), S7(0, ) } < Ce, Ln)e“F0 (||| + [V L))
(3.28)

3.4. A stability factor gallery. In this section, we apply the a posteriori theory
to estimate the error of numerical solutions of the nine example problems listed in
Section 1.

Consider first the solution of the bistable problem (1.2) starting with the initial
data with two wells plotted in Fig. 1.1. We plotted the evolution of the residual
errors in Fig. 2.1 (a) and of the stability factors in Fig. 3.6 (b). Based on the size of
the stability factors, we conclude that it is possible to compute accurate numerical
solutions over long time intervals when ¢ = .0009. This 1s born out by the plot of
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the error bound in Fig. 3.6 (¢) for the numerical solution using 256 uniformly spaced
elements through the collapse of the second well and moderately sized time steps and
requiring about 15 minutes computation time on a Sparc 10. This is a sharp contrast
to the conclusion suggested by classic a priori error analysis.

We now perform a similar analysis on the other examples listed in Section 1. Note
that many of these examples allow a great variety of behavior in their solutions and
we cannot explore each example fully in this paper. By way of making a touchstone to
compare the stability properties of the different problems, we choose the parameters
and data to produce solutions that converge to a fixed point if possible.

Ezample 2: equations for two species. We consider the model of predator-prey
interaction analyzed in Smoller [62] with M = —(u; — a1)(u1 — 1) — caug and N =
—ag3 — aqus + asuy for values of the parameters that force the existence of a stable
fixed point and solve the problem until the components converge. We compute with
€1 = €3 = 1072, oy = .25, a3 = 2, a3 = 1, aq = 3.4, and homogeneous Neumann
boundary conditions using CARDS with 256 elements and keeping the time residual
error below .0001. The evolution of the components is displayed in Fig. 3.7.

(b) time:
0
02 2
F—
s
0.15 8

0.05 |

F1G. 3.7. Equations for two species: plots of Ui(-,t) and Ux(-,t) at the indicated times.

In Fig. 3.8, we plot the stability factors, residual errors, and error estimate com-
puted by CARDS. Note that the stability factors increase super-exponentially as the
components evolve towards a uniform shape, decrease as the components move to-
wards the fixed point, but then increase substantially again. The cause of the second
increase in instability is not apparent. A “movie” in the phase space shows the solution
spiralling into the fixed point during this period while simultaneously its orientation
as a curve in phase space changes. To study this phenomena more closely, we repeated
this computation using ¢; = ¢ = 10~% over the time interval [0, 160]. We plot the
stability factors of the resulting solution in Fig. 3.9. The pattern of increasing and
decreasing stability factors towards the end is clear.

Fzample 3: Hodgkin-Huzley equations. Following Cooley and Dodge [15], we use:
€1 = .000345, a1 = 120, aa = 36, g = .3, 1 = 115, fo = —12, and FB3 = 10.598,
while for simplicity, we choose homogeneous Neumann boundary conditions. The
actual model requires a nonhomogeneous Neumann condition at x = 0 that simulates
nerve stimulation impulses. We start with non-uniform data in w; and constant
values for the rest and compute using 512 elements while keeping the time residual
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F1a. 3.8. Egquations for two species: in (a) and (b), we plot the stability factors S} and S%
versus time computed every .5 time unit. In (c), we plot the Ly norms of the residual errors versus
time. In (d), we plot the a posteriori error estimate. In this computation, ¢ = € = 102,

error below .001 The evolution of the components is displayed in Fig. 3.10. The initial
signal causes a rapid initial increase in U; while by time 1 it is beginning to decrease
in value again.

In Fig. 3.11, we plot the stability factors, residual errors, and error estimate com-
puted by CARDS. This problem is difficult to compute and requires a large number
of uniform mesh points in order to maintain a specified level of space residual error.
Notice that the space stability factor increases initially but decreases again as the first
component “flattens”. The time stability factor is beginning to increase again as the
amplitude of the solution begins to decrease again.

Erample 4: Fitz-Hugh-Nagumo equations. These equations were proposed as a
simplified model of the Hodgkin-Huxley equations and solutions are supposed to have
the same qualitative behavior, see Rauch and Smoller [59]. One natural question about
this model is the possibility of a “threshold” phenomena in solutions corresponding
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F1G. 3.9. Egquations for two species: in (a) and (b), we plot the stability factors S} and SE
versus time for a computation with e; = e = 1074,
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F1G. 3.10. Hodgkin-Huzley equations: plots of the components of U(-,t) at the indicated times.
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F1a. 3.11. Hodgkin-Huzley equations: in (a) and (b), we plot the stability factors S} and S%
versus time computed every .05 time unit. In (c), we plot the Ly norms of the residual errors versus
time. In (d), we plot the a posteriori error estimate.

to the fact that there is a minimum level of stimulus needed to excite a nerve. This
translates to determining whether or not “small” initial data converge to zero as time
passes. In fact, it is possible to prove that a class of data leads to solutions that decay
exponentially quickly to zero. We investigate this numerically for the parameter values
e =.1,e0 =0, a1 = .25, as = .1, and ag = 1, with Neumann boundary conditions
using 64 elements in space and keeping the time residual errors below .001. Notice
that this 1s a coupled parabolic-ordinary system. The evolution of the components 1s
displayed in Fig. 3.12. The evolution towards the origin is clear.

In Fig. 3.13, we plot the stability factors, residual errors, and error estimate
computed by CARDS. The time stability factor S} tends to a constant value reflecting
the exponential stability of the evolution towards the fixed point. The space stability
factor increases to a relatively large value initially as the components evolve towards
becoming uniform but then begins to decay as they move closer to the fixed point.
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Fi1G. 3.12. Fitz-Hugh-Nagumo equations: plots of Ui (+,t) and Ua(-,t) at the indicated times.

This is reflected in the error estimate, which decreases slowly towards zero as the
residuals become smaller.

Ezample 5: superconductivity of liguids.  This is a model of superconductivity of
liquids extensively analyzed in Brown, Donne, and Gardner [8]. With diffusion con-
stants equal to one, it is known that the solutions tend to a continuum of steady-state
solutions of the problem and in some cases to an individual steady-state solution. We
solve the problem with smaller diffusion ¢; = €3 = 10~ and homogeneous Dirichlet
boundary conditions using 64 elements and keeping the time residual error below .001.
The evolution of the components is displayed in Fig. 3.14. The evolution towards a
steady-state solution is clear.

In Fig. 3.15, we plot the stability factors, residual errors, and error estimate
computed by CARDS. As expected when the components converge to a nonconstant
steady-state solution, the space residual errors converge to constant values. The error
estimate marks a mild transient as the oscillations in the first component dampen,
but then tends to a constant value as the solution converges to the steady-state.

Ezample 6: Field-Noyes equations.  This is a model for the celebrated Belousov-
Zhabotinsky chemical reaction. It is analyzed briefly in Smoller [62] and in slightly
different form in Murray [53]. Following Murray, we choose a; = 2-10%, as = 8-1074,
as = 5103, and oy = 1 while ¢ = ¢5 = ¢35 = 1. We impose periodic boundary
conditions and compute with 2048 elements while keeping the time residual below
.001. The rapid evolution of the solution forced very small time steps. This is partly
due to the scaling: if we rescale the problem so the diffusions are on the order of 1073,
then the time scale of the results presented below would be on the order of 10 — —20.
The evolution of the components is displayed in Fig. 3.16. The solution forms steep
fronts and this causes large space residual errors.

In Fig. 3.17, we plot the stability factors, residual errors, and error estimate
computed by CARDS. Both stability factors increase monotonically, with the rapid
change of the first two components in space reflected in SP. The cause of the “spike”
in the plot of ST is not clear.

Ezample 7: model equations for flame propagation. This system arises in the study
of combustion and is analyzed briefly in Chueh, Conley, and Smoller [12]. w3 and us
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F1a. 3.13. Fitz-Hugh-Nagumo equations: in (a) and (b), we plot the stability factors S} and S
versus time computed every .1 time unit. In (c), we plot the Ly norms of the residual errors versus
time. In (d), we plot the a posteriori error estimate. In this computation, ¢ = € = 102,

represent the concentration and temperature of a combustible substance respectively.
We solve the problem with ¢, = ¢; = 1073, a; = .5, as = .5, and homogeneous
Neumann boundary conditions using 64 elements while keeping the time residual
error below .001. The evolution of the components is displayed in Fig. 3.18. It is
interesting to see the transfer of the pattern in the concentration into the temperature
as time passes. The concentration converges to zero while the temperature first evolves
towards a pattern centered around a non-zero value and afterwards begins to converge
to a uniform state.

In Fig. 3.19, we plot the stability factors, residual errors, and error estimate com-
puted by CARDS. The stability of the problem with respect to discretization in errors
in time is reflected in the time stability factor S}. The solution gradually becomes
more stable with respect to discretization errors in space as the second component
tends to a uniform state. Notice the slow decrease in the space residual errors as the
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Fi1c. 3.14. Model of superconductivity: plots of Ui(+,t) and Ua(-,t) at the indicated times.

second component “flattens”. We computed the solution to time 150. U7 is indistin-
guishable from zero while U; has an oscillatory pattern with amplitude less than .06
centered around 1. The error estimate at t = 150 is 2.7 x 10~%.

Ezample 8: model equations for morphogenesis. This 1s a version of the autocatalytic
Selkov model of glycolysis proposed by Gray and Scott, see Pearson [57], that demon-
strates the great number of patterns that can be formed by solutions of a relatively
simple parabolic equation. We compute the numerical solution for ¢; = 2 x 107%,
€3 = 107%, a1 = .045, a3 = .065, and periodic boundary conditions using CARDS
with 256 elements and keeping the time residual error below .001. The evolution of
the components is displayed in Fig. 3.20. The solutions form a pattern of layers after
a rapid initial transient which then slowly evolves over a long time until eventually
the solutions converge to constant values. Slight changes in the parameters and the
data lead to completely different patterns of layers.

In Fig. 3.21, we plot the stability factors, residual errors, and error estimate com-
puted by CARDS. It is interesting to compare these stability factors to the stability
factors of the bistable problem displayed in Fig. 3.6. The evolution of the layers in the
two problems occur on essentially the same time scale. But the stability properties of
the solutions are very different. The strong sensitivity of numerical solutions of these
equations to the space discretization is marked by the large values of S?. The limiting
factor in determining how long accurate solutions can be computed is the number of
mesh points that can be used. The sharp changes in ||R}(U)]| in Fig. 3.21 (¢) are due
to the decreases in time steps that are required for the QMR iteration to converge.

Ezample 9: model for the spread of rabies. This model is described in Murray [53]
in detail. It is a SIR model in which the fox population is divided into three groups:
the susceptible (S), represented by uy, the infected but not infectious (I), represented
by us, and the infected, rabid (R), represented by ug. Diffusion only occurs for the
rabid foxes. We use the parameters considered by Murray, a; = .003, as = .003,
ag = .08, and a4 = .46 except that we choose a smaller diffusion, e = .001, to get a
more convenient scale in . We impose homogeneous Neumann boundary conditions
on ugz and give the initial conditions u; = 1, ups = 0, and ug a small “spike” centered
at the midpoint of the interval. We compute with 128 elements keeping the time
residual error below .001. The evolution of the components is displayed in Fig. 3.22.
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F1a. 3.15. Model of superconductivity: in (a) and (b), we plot the stability factors S} and ST
versus time computed every .5 time unit. In (c), we plot the Lo norms of the residual errors versus
time. In (d), we plot the a posteriori error estimate.
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F1G. 3.16. Field-Noyes equations: plots of Ui (-, t), Ua(+,t), and Us(+,t) at the indicated times.
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F1a. 3.17. Field-Noyes equations: in (a) and (b), we plot the stability factors S{ and SE versus
time computed every .5 time unit. In (c), we plot the Ly norms of the residual errors versus time.
In (d), we plot the a posteriori error estimate.

The spread of the infected foxes through the domain and the effect on the susceptible
population is clear. However, the rabid foxes appear to die out before a plague can
occur. We computed until time ¢ = 1000, by which point us = usz = 0 while w; is
within .06 of 1 at every =z.

In Fig. 3.23, we plot the stability factors, residual errors, and error estimate com-
puted by CARDS. It is interesting to note the linear growth of the space discretization
stability factor ST and the error estimate in spite of the apparent stability of the fixed
point to which the solution is converging.

4. Practical matters.

In this section, we describe some details of the implementation of the dG and
cG finite element methods for reaction-diffusion problems and some practical issues
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F1G. 3.18. Model of flame propagation: plots of Ui(-,t) and Uz(-,t) at the indicated times.

that arise when using the a posteriori error estimate (2.21) to estimate the error of a
computation.

4.1. Some details of implementation. The main purpose of this section is
to describe how the a posteriori theory can be implemented into a code that solves
a system of reaction-diffusion equations numerically. We do not address issues of
efficiency. Rather our purpose is to show that the a posteriori error estimate can be
used to estimate the error of numerical solutions of physically interesting problems.
Further details can be found in Estep and Williams [35].

4.1.1. A matrix-free implementation. There are several key factors that
have to be taken into account when designing a general code to solve reaction-diffusion
problems. First, it is commonly necessary to handle some very large vectors and
arrays during the course of the solution, for example the approximation and the
matrix associated to the discretized Laplacian. Second, concerns about accuracy and
efficiency often require that space meshes and time steps vary as time passes, hence
there 1s a practical need for flexibility in the dimensioning of arrays and vectors. Third,
there is also a need for flexibility in handling different kinds of boundary conditions
and even different numbers and types of equations for practical application. These
concerns can be handled by writing the code using a matrix-free approach.

The basis for a matrix-free implementation is object-oriented. Actually, object-
oriented thinking has its roots in mathematics and not computer science. As an
example, we consider the meaning of the word "vector". To an old-style Fortran
programmer, a vector is just an array of floating-point numbers of fixed length and
it 1s created with a command like DIMENSION V(20). This fixes the size of the array
at the time the program is compiled, which makes assigning memory to the program
and passing the array around the program easy, but does not give flexibility in terms
of redefining V. In contrast, to a new-style object-oriented computer scientist, a vector
1s an instance of a class, and the class has functions, called methods, that are used
to manipulate the vector. Typical methods include multiplication of the vector by a
scalar, adding two vectors to produce a third, finding the norm of a vector, and so
on. In other words, the paradigm change is to think about what can be done with a
data object, rather than its contents.

But this of course is nothing more than the classical mathematical definition of
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F1a. 3.19. Model of flame propagation: in (a) and (b), we plot the stability factors S} and S%
versus time computed every .5 time wnit. In (c), we plot the Ly norms of the residual errors versus
time. In (d), we plot the a posteriori error estimate.

vector. Mathematicians usually do not think of a vector in terms of its components,
but rather as a member of a set on which certain operations are defined, for example
adding vectors to produce another. In this case, the vector space is a class, the vector
1s an tnstance of the class, and the axiomatic operations are the methods of the class.

The reason for object-oriented thinking, in mathematics or computer science, is
to provide a systematic method for breaking down complex structures into a set of
simpler structures that can be handled independently. In this way, theorems and
software can be reused in new situations that involve known ideas.

If we introduce object-oriented thinking into the old-fashioned programming style,
then the array of numbers V above would be considered to be an object on which the
only method available i1s a map whose input is the subscript i and whose output 1s
the corresponding array member V(i). The same is true of a matrix that 1s stored as
a two-dimensional array of numbers or of a sparse matrix stored in a clever scheme
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F1G. 3.20. Model equations for morphogenesis: plots of Uy (-, t) and Uz(-,t) at the indicated times.

that reduces storage requirements. In any case, the fundamental method defined on
arrays in the classic style programming is accessing an element of the array.

This dichotomy between the abstract mathematical object and the easily imple-
mented array storage of classic programming is the reason that it is very difficult
to write flexible, efficient software for solving systems of reaction-diffusion equations.
Following modern programming thought, the solution is to use object-oriented think-
ing in designing the code. The most fundamental example of this “mathematical”
approach is that a matrix is treated as a linear operator rather than a collection of
matrix elements. This is what is meant by a matrix-free implementation, since matri-
ces are accessed only through operations on vectors and are never explicitly formed.
This approach makes the software clean, flexible, and efficient.

The examples in this paper have been computed using the code CARDS [36],
which uses the method of lines to solve problems of the form (3.19). Codes based
on the method of lines can be viewed as consisting of a PDE solver acting on space
meshes and an ODE solver acting in time. The mathematical structure of CARDS
consists of a sequence of vector spaces:

e Finite element functions Vectors in this finite dimensional space consist of
continuous, piecewise linear functions on a triangulation of the computational
domain. An important method on this space is the discretized Laplacian.

e Spatial approximations A vector in this space approximates the multiple
fields that interact in the system (2.1) in space. This space is made of finite-
element functions and an important method on this space is the evaluation
of the time-derivative of the differential equation system with the function f
in (2.1).

e Time-space approrimations To solve the system in time, we use an piecewise
polynomial approximation of the solution in time whose coefficients in each
subinterval consist of spatial approximations associated to a set of nodes
appropriately chosen in each subinterval. An important method on this space
is the estimation of the error using the a posteriori error bound.

Each of these vector spaces is defined in terms of the previous one in the sequence.
A linear operator in one space is defined as a matrix of linear operators on the previous
space. Evaluation of a linear operator causes evaluation of linear operators in the
previous space, until we get to the base space of finite-element functions, at which
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F1G. 3.22. Model equations for the spread of rabies: plots of U1 (+,t), Ua(-,t), and Us(-,t) at the

indicated times.
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F1G. 3.23. Model equations for the spread of rabies: in (a) and (b), we plot the stability factors
Stl and ST wversus time computed every .5 time unit until t = 20 and then every 1 after that. In
(¢), we plot the Ly norms of the residual errors versus time. In (d), we plot the a posteriori error
estimate.

point the operator is defined in terms of an array.

To compute a time-step with the ODE solver, we use an operator whose dimen-
sionality is the number of time-nodes according to which Galerkin method is being
used. Evaluation of this operator causes a number of evaluations of a PDE solution
operator in the spatial approximation space. This in turn requires evaluations in the
finite-element space. The advantage of this architecture is that it separates the code
into layers. For example, the evaluation of the discrete Laplacian is separated from
the description of the PDE, which is separated from the algorithm used for time step-
ping. The ODE software applies with equal facility to ordinary and partial differential
equations, as required by the form of (3.19). Furthermore, each software layer makes
its own contribution to the error estimate.
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4.1.2. Solving linear systems of equations: the QMR method and pre-
conditioning. An implicit timestep of a discretized partial differential equation in-
volves the repeated solution of a large, sparse linear systems. In consideration of the
matrix-free approach, iterative solvers are a natural choice since the only operations
involving the matrix of the system are multiplication by the linear operator (and pos-
sibly its transpose). The drawback is that iterative methods can converge very slowly
and even diverge. Since a code solving reaction-diffusion equations spends most of
the time solving linear systems, these issues must be considered carefully.

Iterative methods are divided according to whether the system matrix is symmet-
ric or not and/or positive definite or not. In the case of the dG and ¢G discretization
of (3.19), the associated matrices are both unsymmetric and non-positive definite.
Reasons for this include the boundary conditions given in (3.19), the presence of con-
vective terms in the more general form of (1.1), the competition between the reaction
and diffusion, and the equations defining the approximation. In such problems for ex-
ample, the classic Jacobi and Gauss-Seidel methods typically do not converge. Hence,
we have employed Krylov subspace methods.

Krylov space methods can be classified according to the need to store previous
vectors: The well-known GMRES (Generalized Minimum Residual) method, for ex-
ample, stores all previous iteration vectors, though in practice the method is restarted
to prevent running out of memory. We have chosen the QMR (Quasi-Minimal Resid-
ual) method, introduced in Freund and Nachtigal [39], which performs robustly on the
systems arising during the solution of (3.19) and which does not require storing the
previous iterates. CARDS employs both our own version and the package QMRPACK
written by Freund and Nachtigal [40].

The convergence rate of iterative methods such as QMR is strongly dependent
on the condition number of the linear operator, i.e. the ratio of the highest to lowest
magnitudes of the eigenvalues of the operator. If we can find another operator that
both approximates the inverse of the original system matrix and is easy to invert, then
we can use 1t as a preconditioner to transform the original system into a new system
with a smaller condition number. The sense in which a matrix P approximates the
inverse of a matrix A is that the condition number of PA should be small compared
to the condition number of A. The condition number of A=A is one of course.

Our analysis of the size of the residual errors depends heavily on the use of nested
meshes. Therefore it is natural to consider the hierarchical basis preconditioner for
solving the linear systems that arise during the implicit time steps. This precondi-
tioner, analyzed in Yserentant [65] and [66], uses the multi-scaled hierarchical finite
element basis associated to nested meshes to construct a preconditioner for possibly
non-symmetric elliptic problems. Its use in one and two space dimensions yields a
solver with efficiency approaching that of multigrid while requiring much less regular-
ity.

Hierarchical basis preconditioning is less efficient applied to parabolic problems,
however speed-up 1is still possible. In practice, there is a substantial gain in systems
in which the reaction term does not dominate. If the reaction term is dominate,
then it yields only a small decrease in the number of iterations used by QMR and this
savings is overwhelmed by the extra effort of the basis transformations required for its
implementation. Thus, we made this preconditioner an option in CARDS. Developing
better preconditioners is certainly an important area of future research.

4.1.3. Choosing time steps and space meshes. One consequence of the
results in this paper is that the a posteriori theory can estimate the error of compu-
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tations that are sufficiently accurate, or equivalently, for which the residual errors are
sufficiently small. The scale of “sufficiently small” depends on the stability factors,
whose approximation we discuss below. But no matter, given a specified residual er-
ror tolerance there arises the practical issue of selecting the time step and space mesh
so that the residual error of the resulting approximation is bounded by the residual
tolerance.

The strategy for choosing time steps and space meshes is dictated by the a pos-
teriori nature of the bound (2.21). Thus, after the approximation is computed, the
residual errors are computed, and the decision to step forward or to go back to the
previous step is made. In either case, we use the size of the current residual errors
to “predict” the correct time step and space mesh for the next step. Details can be
found in Estep [28] and Estep and Williams [35].

There is another restriction on the choice of time steps in practice that is not
reflected in the analysis of this paper, namely the convergence of the nonlinear and
linear solvers used to solve the discrete equations for the approximation. Since the
matrices involved have the form I 4+ kA, where [ is the 1dentity, & is the time step,
and A 1s a badly conditioned matrix, the convergence is improved if k 1s decreased.
Likewise, the quality of the initial guess for the Newton iteration, which is computed
using the values of the approximation computed on previous intervals, 1s improved if
k is decreased. If either iterative process fails to converge, CARDS decreases the time
step arbitrarily and tries again.

4.2. Computing the stability factors. In this section, we discuss several im-
portant issues concerning the approximation of the dual problem. The CARDS code
numerically solves the approximate dual problem (2.13) associated to specified time
nodes obtained by linearizing around the approximation rather than the average of
the approximation and unknown solution as in (2.10). The numerical solution is com-
puted using the same sequence of space meshes and the same or smaller time steps
used for the forward computation, taken in reverse order of course. The hope is that
meshes that are suitable to approximate the solution of the differential equation are
also suitable to approximate the solution of the dual problem. In practice, this seems
to work. The dual problem to the dual problem is the forward linearized problem,
hence it is reasonable to expect that the time scale over which the dual problem can
be solved accurately is roughly the same as the time scale over which the forward
problem can be solved accurately.

4.2.1. Archiving the time history of the numerical solution. In order to
form and solve the dual problem (2.13) associated to a time node t,,, we must store the
approximate solution of the forward problem over the interval [tg,t,]. CARDS uses a
dynamic archive to store these values. When each time step has been computed, the
solution vector is stored in the archive, together with the time corresponding to the
vector and the number of floating-point numbers in the vector. During the backward
solve, when a vector is needed at some time, the archive is searched for the times
that bracket the requested time, the vectors are extracted, and a linear interpolant 1s
constructed.

The archive object is implemented by allocating large blocks of memory to store
many solution vectors, together with an indexing structure that allows fast searching
of the archive to find given time values. The implementation is complicated because
the dimensionality of the vectors changes. However within each memory block, the
dimensionality is constant to allow simple indexing of the block. Whenever the di-
mensionality changes, a new block is allocated.
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4.2.2. Choosing data for the dual problem. The a posteriori error estimate
(2.21) is a little unusual in that it is a estimate of a projection of the error e, onto
a specific function ¢, with norm one. Obviously in many cases, we would prefer
to bound a norm of the error. Intuition suggests that if we compute estimates on
sufficiently many projections of a function in a given inner product, we should be able
to get a good estimate of the size of the function in the corresponding norm. In this
section, we show that this idea can be made precise.

One way to address this issue is to answer the question:

Given a constant v : 0 <~ < 1, what is the probability that
Meall < [(en, @)
for a randomly chosen ®,, in (a subset of)
{6€ (Ho () = (H Q)P+ Il = 1}7

Without loss of generality, we assume that e is normalized to have norm one and
compute the probability of the equivalent condition

[(er, ®n)| > 7. (4.1)

We first answer the analogous question for the error of a ¢cG or dG discretization
of a system of ordinary differential equations, i.e. in a setting when the “space” di-
mension is finite. The a posteriori error estimate in this case (see Estep [28]) estimates
the Euclidean projection |e;; - ¢,| of e onto the vector ¢, that is the data for the
dual problem. Given a constant v : 0 < + < 1, we compute the probability that
le - ®,| > v for a random vector ®,, € {q/) el <1, 6 € RM}.

The probability can be computed using a geometric argument. In Fig. 4.1, we
plot the unit M-sphere together with e, represented as (0,0,...,0,1)T. The set of
unit vectors in the upper half space whose projection onto e, is larger than v touch
the sphere in the shaded “cap”. The probability of choosing such a vector is therefore

Fic. 4.1. Drawing of the vector e, and the part of the unit M-sphere containing vectors with
projections on ey, greater than -y, for some vy < 1.
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0
) M-1
7)(| o[> )_ area of the “cap” _ /0 (SIH(U)) du
“nEnl 297 Crea of the upper hemisphere — p7/2 M-1
sin(u) du
0

= Q(M’ 9)’

where 6 is the angle subtended by the “cap”. Thanks to J. Rauch, we have an
asymptotic estimate of Q(M, 0) that shows it decreases like sin(6) for large M, i.e.
geometrically in the dimension. From the figure, we see that § = cos™!(7y). Hence,
P(ley - @n| > 7) = o(M,cos™* (7)) and given r random vectors { @, ; } in {¢ : [¢| < 1},

P (f?a} e - Bl > v) =1 (1—o(M,cos™ (7)) (4.2)

We plot this function in Fig. 4.2 with (a) M = 3 and (b) M = 10.

(@ (b)

Fia. 4.2. A plot of the probability function P <max1$i$r len - @pni| > w) for (a) M = 3 and
(b) M =10.

Using (4.1), we obtain a estimate on e, | from the a posteriori estimate on |e;, - ®,,|.
The factor y~1 appearing on the right-hand side of the resulting estimate reflects the
amount of “sloppiness” in the estimate. The formula (4.2) implies that for a specified
probability, we can improve the quality of the error estimate (i.e. decrease y~!) by
increasing the amount of work as measured by the number of data vectors used for
computing dual solutions. Likewise for a fixed level of sloppiness, we can improve the
probability that the a posteriori estimate actually bounds the norm of the error by
increasing the work. In this context, we can interpret probability as being a natural
measure of the reliability of the a posteriori error estimate of the norm of the error.

Returning to the original question, we use this finite dimensional result to estimate
the probability that (4.1) holds for any 4 < 1 in the case of a reaction-diffusion
equation. For this, we use the fact that the eigenfunctions {;} for the Dirichlet
problem for the Laplacian, chosen to be orthonormal with respect to the Lo inner
product, form a basis for H}(2) and write e; = 5. a;¢;. By assumption, we have
>~ a? = 1. We now use the projection of e;; onto the span of the first M eigenfunctions
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to reduce the problem to finite dimensions. We define

M
€M = E a; ¢;
i=1

and likewise choose the random data @, from the set Syy = span {¢1, ..., ¥y} with
@l = 1.
We fix v < 1. Since e ,, — €, in Ly, for any ¢ : 0 < € < 1 —~, we have

[ > Pn)| = (e, @)l <€
for all M sufficiently large depending on e. Fixing such an M, we conclude that
l(e;, as»®n)| > v + € implies that |(e;;, ®,)| > 7. Note that if &, = . b;1y; then

(e ar> ®n) = >, aibi. Therefore, using the finite dimensional result for the case
where we choose r random vectors {®, ;}, we conclude that

. q)nz > > " ,q)ni >
7’<1I§1ias>gl(6n, ,)I_v)_PCIggSXTI(%,M ,)|_7+€)

=1- (1 - Q(M, cos™H(y + e)))r .

(4.3)

Note that since e, is actually in H2~¢ for ¢ > 0, we can expect the coefficients of e
with respect to the basis {1;} to decay relatively quickly so that M will not be large
in practice.

In Fig. 4.3, we plot the values of approximate stability factors S} (¢,) for the
Lorenz (3.11) and bistable (1.2) examples versus the time nodes t,,. In each case, we
show stability factors corresponding to different choices of data for the dual problem
as well as the plotting the maximum value at each time node using a darker line. This
is the value that we use when estimating the error in practice.

(@ (b)

56 111 167 222

F1a. 4.3. Plots of approzimate stability factors S}(tn) versus tn for the (a) Lorenz (8.11) and
() bistable (1.2) ezamples. The dark lines show the mazimum value obtained at each time node.

Remark 4.1. Another approach to obtaining estimates on ||e; || from (2.21) is to try to
compute an approximation of the direction of e, that can be used as initial data for

the dual problem and thereby getting an estimate on |(e;,, ¢n)| & ||e,; ||. However, we
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have experimented with this approach using several different approximations based
on heuristic reasoning and in almost every case obtained worse results than those
obtained using random initial data for the dual problem. The main problem is almost
always a consistent underestimation of the error. Of course, if we do a bad job at
estimating the direction of the error but do manage to obtain a partial relationship
between ¢, and e,; then it is not surprising that |(e;,, ¢, )| could be consistently less
than ||e; ||

One exception is an application of this a posteriori theory to the computation of
optimal ground to space missile trajectories (Estep, Hodges, and Warner [30]). The
differential equation describing the missile’s position is posed with both initial and
final states and hence can be treated as a two point boundary value problem efficiently
rather than using a time-marching scheme. In this case, we obtain a good and cheap
estimate for the direction of the error using Richardson extrapolation based on the
global meshes.

Remark 4.2. Another natural way to address the issue of choosing data for the dual
problem is to look for conditions on the problem that guarantee that the stability fac-
tors can be bounded accurately independent of the choice of data. This is the case for
example with strongly parabolic problems in which transient behavior dies out rapidly
and the stability factors grow very slowly, see Eriksson and Johnson [23], [25], and
[26]. In general, we might expect this to be true for systems with dual problems that
admit an exponential dichotomy or otherwise have a well-defined, discrete Lyapunov
spectrum. In such problems, roughly speaking, ergodic analysis shows that almost
all solutions end up behaving similarly after sufficient time has passed. In practice,
this would imply that initially the dual problem should be solved with several initial
data in order to use the probability result above but after a transient period, 1t would
suffice to solve the dual problem with one initial value.

4.2.3. Unresolved: linearization and the approximate dual problem.
An important 1ssue in the computation of approximate stability factors is the fact
that we cannot linearize the differential equation (2.1) around the average of the true
and approximate trajectories to obtain the coefficients defined in (2.10) because the
true solution is unknown. In practice, we can only solve the “approximate” dual
problem with coefficients obtained by linearizing around the approximate solution.

It is possible to use a standard a priori error estimate to guarantee that the
approximate and true solutions remain close for at least a short time and from this, we
can obtain a priori error bounds on the approximate stability factors computed from
the dual problem obtained by linearizing around the approximation. Alternatively
when the true solution has sufficient regularity, we can derive the a posteriori theory
by linearizing around the approximation and treating the error of linearization as a
high order perturbation term. See Estep [28] for a derivation of related results in the
case of ordinary differential equations. Both of these approaches lead to the conclusion
that the approximate stability factors remain accurate at least over some brief initial
time interval.

We don’t give the details for these kinds of results because in fact they are not
very relevant. First of all, the motivation for computing stability factors is to avoid the
kind of overly pessimistic estimates of the growth of perturbations that the analyses
described in the previous paragraph, based as they are on Gronwall arguments, yields.
Secondly, this is not the correct way to think about the error of the stability factors
because we do not require the same kind of accuracy for the stability factors as we
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do, say, for the numerical solution itself. An estimate of the stability factors that is
accurate just to order-of-magnitude can be used to get a reasonably reliable estimate
of the error, by which we mean that the error should be smaller than the estimate
most of the time and never significantly larger than the estimate.

We illustrate the idea that the standard of accuracy for the stability factors is dif-
ferent than the standard for the numerical solution using the Lorenz equations (3.11).
In Fig. 4.4 (a), we plot the values of stability factors S (¢) versus time computed by
linearizing around a variety of trajectories. The trajectories start with initial data

@ (b)

Initial data

Initial data

(59,11,12)

(59,11,12)

o o
(6,10.9,12)
o— [ PUL PR R B G RETR I
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F1a. 4.4. In (a), we plot the approzimate stability factors SL(t) for the Lorenz equation (3.11)
computed by linearizing around a variety of trajectories. In (b), we plot the corresponding coordinate
z(t). The key listing the initial data 1s on the right of each plot.

inside the ball of radius .1 centered at (6,11,12) close to the attractor but diverge
greatly by ¢ & 5. The divergence is demonstrated clearly in Fig. 4.4 (b). Even so, the
order-of-magnitudes of the stability factors of the different trajectories grow roughly
at the same rate. At any given time node, most of the stability factors could be
used in the a posteriori error estimate to obtain a reliable estimate of the error of the
approximate solution and they all determine the same time scale over which a given
level of accuracy can be maintained.

Since the approximate stability factors are accurate initially and the computed
stability factors indicate the rate at which the error of the approximate solution grows,
the main concern is the rate at which the error in the approximate stability factors
grows. If the error in the approximate stability factors grows at the same rate as the
stability factors themselves, then we might expect the a posteriori error bound to be
reliable. In other words, the degree of reliability 1s determined by the relative rates of
growth of errors in the numerical solution due to discretization and perturbations in
the solution of the linear dual problem due to perturbations in the trajectory around
which the problem is linearized. Clearly, the scale for comparison depends on the
degree of nonlinearity of the problem in the sense that it depends on the extent to
which nearby trajectories share the same stability properties.

We illustrate the potential for differences in the sensitivity of a problem to numer-
ical discretization and to linearization using the bistable problem (1.2). We compute
approximations using fixed evenly spaced meshes with the number of elements M
ranging from M = 21 to M = 351. To insure that we integrate the resulting systems
of ordinary differential equations accurately, we maintain the time residual below the
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tolerance .000001 and thereby keep the contribution to error stemming from the dis-
cretization in time to less than .0001. For M < 50, the numerical solutions are subject
to “locking” which means that one or more metastable layers actually become stable
while the correct behavior is observed for M > 51. When M = 21, the thinner of the
two wells collapses (though at a different time than for larger M) while the wider well
becomes fixed. We plot the stability factors S} (t) versus time for a sample of com-
putations in Fig. 4.5. The locking phenomena is clearly reflected in the values of the
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F1c. 4.5. A plot of approzimate stability factors S}(t) for the bistable problem (1.2) computed
using trajectories computed with varying accuracy in space. The key between M and the stability
factors 1s listed on the right.

stability factor for M = 21, which remains 1 after the first well collapses indicating
that the resulting pattern is stable.

Even though the numerical solutions corresponding to M = 32 and M = 64 are
nearly identical to the eye, the behavior of the two is radically different. In Fig. 4.6,
we plot numerical solutions for equally spaced meshes with M = 32 and M = 64 at
t & 5.6 and again at ¢ &~ 389. The two solutions are very close at early times but
because the solution on the coarser mesh becomes locked, the numerical solutions end
up quite different at later times. The bistable problem is sensitive to linearization
in the neighborhood of these two approximate trajectories. While the sensitivity
to linearization is not directly reflected in the a posteriori theory developed in this
paper, the a posteriori error estimate estimates the error to be 2.23, i.e. more than
%200, in the numerical solution with M = 32 elements at the time when the first well
collapses. It would be difficult to trust the accuracy of the numerical solution after
this point. Note that Fig. 4.5 shows that the problem is not sensitive to linearization
around numerical trajectories that are sufficiently accurate. M = 101, M = 201 and
M = 351 all produce nearly the same behavior and stability factors.

Remark 4.3. There is a plausible explanation for this sensitivity around inaccurate
discretizations. It is well known that the eigenvalues of the system of ordinary dif-
ferential equations arising from discretization space of of a linear constant coefficient
parabolic problem by the finite element method only approximate the discrete spec-
trum of the parabolic problem. The smallest eigenvalue in magnitude is approximated
to the same order as the solution itself. As mentioned above, the plot of the stabil-
ity factors for the bistable example suggest that during a metastable phase there is
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Fic. 4.6. A plot of numerical solutions computed using equally spaced meshes with M = 32 and
M =64 at (a) t 2 5.6 and (b) t = 389. Even though the numerical solutions are close initially, they
end up being quite different at later times.

one unstable Lyapunov number for the system that is initially very close to zero and
which gradually increases as time passes. If this Lyapunov number is subject to the
same kind of error as the eigenvalues in the linear case, then a coarse discretization
might introduce enough error to change the sign of the unstable Lyapunov number
and make the system stable.

We do not have an analytic method for determining the sensitivity to linearization,
and in any case, it seems to be highly problem dependent. For the computations
presented in this paper, we computed each example using several residual tolerances
and compared the results.

4.3. Testing the accuracy of the a posteriori error estimate. We conclude
this section with a numerical experiment designed to test the accuracy and reliability
of the a posteriori error estimate applied to the bistable problem (1.2). We do not
know the true solution but we compute a very accurate numerical solution u using
the dG(1) method with M = 513 elements and time steps smaller than K = .00004
to use as a reference. We next compute an approximation U using the dG(0) method
(to get the least accuracy in time) using M = 129 elements and time steps greater
than .0004. The reference solution w is expected to be 16 times more accurate in
space and at least 10 times more accurate in time. We approximate the error in U by
computing |[u — U||. We plot this computed “error” together with the error estimate
computed for U versus time in Fig. 4.7 (a). In Fig. 4.7 (b), we plot the ratio of the
computed “error” to the estimate versus time.

Through the collapse of the first well, the a posteriori error estimate predicts the
size of the error remarkably well, with the ratio of the error to the estimate hovering
in the range .3—1. After this transient, the ratio remains constant but with values of
size .05b—.1. This over-prediction of the size of the error results from the form of the
a posteriori error estimate (2.21) which estimates the error over an interval in terms
of the maximum residual error in the interval. The residual errors in any interval
that contains the collapse of the first well but not the second are dominated by the
residual errors from the transient period of the collapse of the first well. Thus, the
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FiGc. 4.7. Results of the accuracy ezperiment. In (a), we plot the computed error |[u — U|]
together with the a posterior: error estimate for the dG(0) approzimation U versus time. In (b), we
plot the ratio of the computed “error” to the estimate versus time.

error estimate over-predicts the size of the error after the collapse of the first well
until the last transient. Note however that the ratio still remains quite constant -
which verifies that the a posteriori estimate is predicting the rate of accumulation of
errors over long time intervals very well.

If we replace the maximum residual error in the a posteriori estimate (2.21) by
the local residual error, the ratio of the “error” to the resulting “estimate” remains
on the order of one throughout the computation. We plot the “error” together with
the estimate obtained by multiplying the residual errors on the time interval [t,,_1,1,]
by the corresponding stability factors associated to the time node ¢, versus time in
Fig. 4.8 (a). In Fig. 4.8 (b), we plot the ratio of the computed “error” to this modified
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Fic. 4.8. In (a), we plot the computed error |[u — U|| together with the estimate obtained by
multiplying the residual errors on the time interval [tn—1,tn] by the corresponding stability factors
associated to the time node t versus time. In (b), we plot the ratio of the computed “error” to this
quantity versus time.
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estimate versus time. Practically speaking, we had to use constant step sizes in this
computation in order to align the time nodes for the two computations. The result is
that the residual errors of the numerical solutions can vary greatly as time passes - as
explained above. If the step sizes and space mesh are adjusted to keep the residual
errors at every step approximately the same size, the tendency to overestimation due
to the form of the a posteriori error estimate is greatly reduced.

Note that the a posteriori error estimate is smaller than the computed “error”
at a single time step occurring immediately after the last transient. We suspect that
this is due to time step discrepancies between w and U. In any case, the discussion in
Section 4.2.2 explains that there is some probability that this can occur. We computed
stability factors using three different initial guesses for the dual problem and obtained
very close values in each case.

5. Improving stability by preserving invariant rectangles under
discretization.

The discussion so far has centered on general problems of the form (2.1) under
mild assumptions about the stability; really no more than necessary to guarantee
that the problem is well-posed in a convenient Sobolev space over a short time inter-
val. The results we have presented reflect this. For one thing, the estimates on the
residuals in Theorem 3.4 guarantee that the residual errors on any step can be made
small by refinement, but both the constants and the discrete derivatives of U in the
bounding quantities can vary with the time interval. Likewise, the stability factors
on any given interval are finite, but the sequence of stability factors associated to a
progressive sequence of time nodes can grow super-exponentially. This prevents us
from concluding, for example, that the error of the approximation becomes smaller if
the residual errors are made smaller. Recall Remark 3.4.

But this is no more than can be expected, because the assumptions we have made
so far even allow finite time “blow-up”. Consider the initial value problem u; = u?
and u(0) = 1 with solution u(t) = (1 +¢)~* for example. We plot the stability factor
St(t,) for a sequence of times .01....95 in Fig. 5.1 together with the sequence of
time steps used in the computation. In this example, the sequence of stability factors
associated to the time nodes grows super-exponentially and the time steps have to be
decreased correspondingly in order to keep the residual errors uniformly bounded.

One way to get stronger results is to consider problems with special stability
properties that prevent such wild behavior. For example, there is the class of strongly
dissipative, e.g. strongly diffusion-dominated, problems considered by Eriksson and
Johnson ([22], [25]). This class is a natural progression from linear problems since
they share much of the same behavior. The results for these equations are strong: the
constants in the a posteriori estimate are uniform in time and the stability factors for
a progressive sequence of time nodes can be shown to grow only logarithmically with
time. Consequently for such problems, the error is controlled directly by controlling
the residual errors, and it is possible to control the error over very long time intervals.
On the other hand, the possible behavior of solutions of such problems is relatively
limited and none of the examples discussion in the introduction satisfy the strong
assumptions with physically relevant values for the diffusion.

It is therefore interesting to consider parabolic equations under assumptions that
prevent unbounded growth in solutions but do not force all the solutions to converge
rapidly to a fixed point. We apply the general theory developed in Section 2 to the
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Fic. 5.1. In (a), we plot S}(tn) for uy = u? and w(0) = 1 on a log scale at a sequence of time
nodes .01....95. The same values for the stability factor are given by a range of tolerances. In (b),
we plot the sequence of time steps on a log scale required to keep the residual errors bounded by a
fized tolerance.

system of reaction-diffusion with constant diffusion (3.19) under an condition that
guarantees the existence of an invariant rectangle, which is a generalized rectangle
R =TI, [ai, b;] in RP centered at the point P with sides parallel to the coordinate
axes inside of which any solution of (3.19) remains as long as it exists. Namely, we
assume that the reaction f satisfies

nar(u) - flu,-,-) <0 for u € IR, (5.1)

where nag(u) is the outward unit normal to IR at u. See Fig. 5.2. This guarantees
that R is invariant for (3.19), see Chueh, Conway, and Smoller [12] and Smoller [62].

While more specialized than the general system (2.1), systems of the form (3.19)
under assumption (5.1) model many interesting physical situations. For example:

1. The bistable equation admits the invariant rectangle [—«, «] for any « > 1.

2. If we choose M = —(u1 — ay)(u; — 1) — aguz and N = —a3 — aqus + sty
with 0 < o < 1 and oy < asz/as < 1 in the predator-prey model, then the
equations admit arbitrarily large invariant rectangles.

3. The Hodgkin-Huxley equations admit arbitrarily large invariant rectangles.

4. The Fitz-Hugh-Nagumo equations admit arbitrarily large invariant rectan-
gles.

5. If the ¢; are all equal in the equations modelling the superconductivity of
liquids, then any rectangle containing the unit circle |u| = 1 is invariant.

6. If we choose r1 > max{l,az_l}, ro > 11, and r3 > agry in the Field-Noyes
equations, then the rectangle R = {(ul,uz,w,) 0 < up <, 0 < g <
ro, 0 <uz < rg} 1s invariant.

7. If we choose the initial data so that 0 < uj(#,0) < v and 0 < rg < ug(x,0)
for all  in the flame model in Example 7, then the region R = {(ul, ug) :
0<u <ry,re < uz} 1s invariant.

Perhaps the greatest benefit arising from the existence of an invariant rectangle
is the resulting compactness of the set of solutions. First of all, the existence of an
invariant rectangle means that the solution (3.19) exists uniquely for all time. This
follows from the local existence result by a standard bootstrap argument that uses the
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fact that we can replace local bounds on |f| and the Lipschitz constant of f by bounds
over R. Below, we let M denote the maximum of f on R, and L the maximum of
the first and second order partial derivatives of f on R. An analogous argument also
applies to the approximation methods to give global existence of the approximants.

The existence of an invariant rectangle for u also means that Vu and Au are
continuous functions for smooth initial data in R. This follows by differentiating
(3.19) with respect to # to obtain linear equations with smooth, bounded coefficients
for the various partial derivatives of u. Also, the constants L, in the energy estimates
on u in Proposition 3.5 can be set to L so the estimates (3.20)- (3.22) hold uniformly
in the data. Likewise, if there is an invariant rectangle R for the approximation U
then the constants M,, and L, in Proposition 3.6 can be set to M and L respectively
and the estimates on U in that result hold uniformly in the data. This in turn implies
that the constants in the estimates on the residual errors (3.4) can be taken uniform
with respect to the time interval.

We can also draw some strong conclusions about the stability factors if there
is an invariant rectangle for both v and U. In this case, we can take L, = L in
Proposition 3.7 and get bounds on the stability factors that hold uniformly for all
approximations in the invariant rectangle. This means that the stability factors as-
sociated to a progressive sequence of time nodes grows at most exponentially quickly,
regardless of the approximations used to compute the stability factors. Likewise, we
can numerically solve the dual problems associated to different approximations and
compute approximate stability factors uniformly well.

One consequence of these results is that 1t is relatively easy to use the a posteriori
estimate on a projection of the error (2.21) to get a estimate on the norm of the error.
As mentioned in Remark 2.3, we can obtain such a estimate by making a special
choice of data for the dual problem, for example ¢, = e, /||e,, || for the dual problem
at t,. But, recalling (3.28), choosing the initial data for the dual problem depending
on the error means that the size of stability factors associated to ¢,, depends on the
size of the error and its gradient ¢,. Since we are trying to estimate the size of the
error at t,, we therefore require a bound on the stability factors at ¢, in the case
én = €, [||le5 || that is independent of e, .

As long as u and U remain inside some rectangle R, ||e|| remains uniformly
bounded. To control ||Ve?||, we use the stability estimates in the following proposi-
tion, proved in Section 8.

ProrosITION H.1. Under the assumptions of Propositions 3.5 and 3.6 and as-
suming in addition that u and U remain in R, and only a finite number of mesh
coarsenings is allowed on any fized time interval, there is a constant C = C(e, M)
such that

Ve (@) < |[Vur(0)]| + CH/2, 1> 0, (5.2)
VUPT|| < CIVUPT|| + CtY? . > 0. 5.3
0

By these estimates and (7.2), we can bound ||[Ve?|| at later times in terms of the
regularity of UP at the initial time. More precisely, there is a constant C' = C'(e, M)
such that

Vel ™Il < Cllbdn, U ~I| + IVURS ][+ C1/%, n>0.
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We restate (3.28) as there are constants €y = Cy(e, M, L) and Cz = C3(L) such that

max{So(0,,), 5t (0,,), S2(0,%,), S2(0,1,) }
< Cre®* (I A, US|+ IIVUSTI), n> 0. (5.4)

Remark 5.1. Tt is useful to distinguish the time dependence of the bounds on the
derivatives of the solutions in Proposition 5.1 and Proposition 8.1 below from the
time dependence of the stability factors in the a posteriori error estimate (2.21).
The stability factors reflect both the possible growth in the size of derivatives of the
solution, like (5.2) and (5.3), and the possible accumulation of errors.

We turn now to study conditions which guarantee the existence of an invariant
rectangle for the Galerkin approximations. When considering the preservation of
an invariant rectangle under discretization, at least two possibilities come to mind:
(1) the approximation properties of the numerical method imply that there is an
invariant rectangle for the approximation that is close to an invariant rectangle for
the true solution; (2) the approximation method has the special stability property
that any rectangle on which (5.1) holds is also invariant for the approximation. We
obtain results for each situation. In the first result, we derive a condition on the size
of the residual error that guarantees an “approximate” invariant region exists when
the vector field has the property that it points inwards with a minimum angle on the
boundaries of a family of concentric rectangles. In the second result, we modify the
Galerkin methods and show that the resulting approximations have the same invariant
region as the solution if the time steps are sufficiently small.

Remark 5.2. All the results in this section hold for problems with homogeneous
Neumann boundary conditions and nonconstant diffusion and many of the results
extend to problems with nonlinear diffusion and even gradient terms provided the
equations are ‘diffusion-dominated’.

5.1. Preservation of a “fuzzy” invariant rectangle. The rough idea is to use
the a posteriori error estimate (2.21) to keep the approximation of a solution starting
with data inside an invariant rectangle R to within a given distance (tolerance) p to
the solution. As long as this is possible, then the approximation remains inside a
rectangle with boundary a distance p away from the boundary of R.

There are two difficulties with this approach. First, the estimates on the residual
errors that guarantee that residual errors, and hence the error, can be made small by
refining the time step and space mesh, depends on comparing the approximation to a
local solution of the differential equation started with data obtained by smoothing the
approximation. Since the approximation may be outside R or near its boundary, this
local solution may also start with data outside the invariant rectangle. This difficulty
can be overcome after observing that all of the examples above admit a famaly of
concentric invariant rectangles filling a region of space. By keeping the distance
between a solution remaining in a relatively small rectangle and the corresponding
approximation sufficiently small, we can hope to keep the approximation and any
associated local solutions inside a relatively larger invariant rectangle.

The second difficulty is that the a posteriori estimate on the error may grow
exponentially quickly with time, if the bounds in Lemma 3.7 are the only information
we have about the size of the stability factors. To keep the distance between a solution
remaining inside an invariant rectangle and the corresponding approximation below
a uniform bound, we obtain a time-dependent condition on the size of the residual
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errors, and moreover, a condition that decreases exponentially quickly as time passes.
The first result we present shows that under the appropriate assumptions, there 1s
a time-independent condition on the size of the residual errors that guarantees the
approximation remains inside an approximate invariant rectangle for all time.

More precisely, we assume the existence of inner and outer rectangles R; C R,
with sides parallel to the coordinate axes and centered at the same point P, containing
the origin, and with r := dist (0R;,0R,) > 0. We let I; denote the length of the
smallest side of R;, M = maxg, |f|, and L denote the maximum of the first and
second order partial derivatives of f on R,. We also assume that there is a v > 0
such that

J(v) -nar,(v) < —yM <0, v€EIR,, (5.5)

for all rectangles R; C R, C R, with sides parallel to the coordinate axes and
centered at P and dist (OR,,0R;) = p, where nsr,(u) denotes the outward pointing
unit normal to R, at the point u € IR,. See Fig. 5.2. Roughly speaking, we prove

f r
0Ro | TR
ORy | 3 |
OR; p
f
. P / r
\
! Naz,

Fig. 5.2. The invariant rectangles Ry C Rp C Ro.

that U remains in R, for all p sufficiently small provided that U; isin R; and U is
computed so that the residual errors over each time step are kept smaller than a fixed
fraction of p.

The proof hinges on the fact that a local solution @ of the differential equation
in (3.19) for t > t,_; starting with initial data @,_1 = @(¢,_1) in the outer rectangle
R, must enter the inner rectangle R; after a finite time. The reason is conceptually
easy to understand in the case of a scalar ordinary differential equation, i = f(a),
where R, = [ao, b,] and R; = [ay, b;] with a, < a; < by < by. On [by, b,], f(1) < =y M,

hence integration gives
a(t) — by < a(tn_1) —b; —YM{ —tph_1)

as long as @ remains in [b;, b,]. We conclude that @ enters R; for ¢ — t,,_; sufficiently
large depending on 7, M, and the size of the invariant intervals.

The case of a scalar parabolic partial differential equation, @ = Ad+ f(u), is more
complicated because the diffusion term does not necessarily have the correct sign to
force @ to decrease at every point even if @ is partly in R,\R;. In other words, & may
be increasing in some parts of Q even while decreasing in other parts. We illustrate in
Fig. 5.3. If we consider the point Z(¢) at which & obtains a positive maximum at time ¢,
which must be in the interior of {2 because of the Dirichlet boundary conditions, then
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Fi1Gc. 5.3. One difficulty in showing that a solution of a parabolic equation must enter the inner
rectangle R; when the vector field points inwards in Ro\R;.

Uz (t,2(t)) < 0 and therefore ﬂ(t,i‘(t)) < f(a(t,z(t)) and apparently the argument
used for an ordinary differential equation would apply. Unfortunately, the fact that
Z(t) is not a continuous function of ¢ causes difficulties with this argument. Finally,
additional complications ensue when considering systems of equations. To overcome
these, we follow Smoller [62] and deal with a functional measuring the size of the
smallest rectangle that contains a solution that decreases as time passes.

We first define a norm on R? associated to R; by

|wlr, =inf{t >0: wetR,;}.
In other words, |w|g, is the smallest multiple of R; that contains the point w. We
define a continuous functional Fg,(-) on the bounded continuous functions on € by

Fri(w) = sup |w(z)|r,.
TEQN

We also recall the definition of the upper Dini derivative of a function g,

gt k) —g()
Dy(t) = lim =————

The following proposition is a extension of Theorem 14.19 of Smoller [62],

PROPOSITION 5.2. Suppose that @ is a smooth solution of (3.19) with
Fr,((tn-1,-) > 1 and [ satisfies the minimum angle assumption (5.5). Then for
any time t,—1 <t with Fr,(a(t, ) > 1,

2vM

DFx (it ) < ==

Smoller gives a proof for systems of equations with one space variable posed on R,
but the extension to the present case is straightforward. This result implies that «
must enter a smaller rectangle immediately after any time ¢ with Fr,(a(¢,-)) > 1. In
fact, it is not difficult to show that if

2vM

7

DFR,(a(t,")) < — for t,_1 <t <t*

then

2vM
Pr((t, ) < Pr,(ilta-1,7)) = ——(t = tn=1) for tu_y ST <1

(5.6)
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This result applies to all of the examples above with invariant regions. For exam-
ple in the case of the bistable equation, we choose 1 < r; and 2\/5/3 < r,, then any
interval [—p, p] with r; < p < r, is invariant and f satisfies (5.5) with

ri—r?
Y= 3|
TO—TO

We prove that U preserves an invariant region by using the a posteriori error
estimate to control the error between U and local solutions . There are two cases to
treat. If U, _, is contained in R;, then we control the residual error on the next step
to a sufficient degree to keep U,; from going too far outside R;. If U, _, is outside
R, then we control the residual errors on subsequent steps until the local solution
u starting at time ¢,_; enters R;, drawing U along with it. These two cases lead to
different conditions on the residual errors.

The proof we give uses an energy estimate on the growth of the discrete second
derivative A,U. It appears to be technically difficult to obtain such an estimate on
the part of U solving an ordinary differential equation, hence we restrict the problem
(2.1) to the case d = D.

THEOREM 5.3. Assume that Uy is contained in R; and p < r/5. Then there is
a constant C' = C(e, M, L) such that U € Ry, for alln >0 and z € Q provided that
U., n>1,1s compuled so that the following conditions are met:

1. If U _ s contained in R;, then the mesh and time steps for the next interval
should be chosen so that

C|llog(hn ) A3/ *An, Uyl < p (5.7)
and n addition
Ot [l B, Uy I+ 905 1) (A7 2 RO,
1A 2 RE U)o,y + 1B BE (U1,
A, Ui |+ 1PV U )< e p. (5.8)
Thas guarantees that U s contained in Ro,.

2. At any time node t,_1 at which U;_, is contained in Ra,, but not contained
m Ry, a new mesh and time step should be chosen so that

C(|Nog(hn)h3/* An, Uy || + [log(ha) B3V U |[) < e €0
(5.9)
and
C(1+ Vo Ap, U S+ IV UETN) (1A + h Pk + by 2 k) An, Uy |
Y2+ B Pk + b PPPR2NN U |4+ (10 + hy Pk + 0 2R3 )
< ety (5.10)
where
3
= 3

T

and U7, should be compuled using this mesh size and possibly smaller time
steps on all subsequent steps m > n untd U, 1s contained in Ro, once again.
The mazimum number of steps needed to reach time node tp+ with UL. con-
tained in R, 15 finite and depends only on 7, p, M, L, and U _,.
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The conditions (5.7)-(5.8) and (5.9)-(5.10) respectively are satisfied on all sufficiently
refined time steps and space meshes.
We prove this in Section 8.

Remark 5.3. A stronger result would be that there is a maximum time step and mesh
size depending on L, M, and p, such that U remains in R4, for all time. But the
estimates we use to control the error depend on the discrete derivatives of U in the
residual errors and these discrete derivatives of U can grow even when U is confined
to an invariant rectangle.

Remark 5.4. The preservation of an invariant rectangle is a pointwise property while
the a posteriori theory in Section 2 is developed for Lo (L2). In converting from L
to Ls in x, there is a loss of order. For example, there is a constant ' independent of
h such that

log(hn)hZAn, Uil < Cllog(hn) RS/ ? An, U4 |I.

The loss of order is apparent when comparing quantities in (5.8) and (5.7) to the
corresponding expressions in Theorem 2.1.

Remark 5.5. This shows that the nodal values of U remain inside R4, for all time.
Using an interior estimate on the error related to (2.23), it follows that U is contained
in Rs, for allt > 0 and z € Q.

The requirement that the tolerance depend on the “width” of the region on which
the reaction term points inwards is natural as we illustrate with the initial value
problem

{ut =flu) = 2(1.01 — uz) (1 — uz)u e_'5“2, t>0, (5.11)

u(0) = .5.

We plot f(u) for =5 < u < 5 in Fig. 5.4(a). This problem has the invariant region
[—\/1.01,\/1.01] since f points inwards for 1 < |u| < +/1.01. The minimum value
of f in (1,\/1.01) is approximately —3.03 x 107® and the width of the interval is
approximately .005. For |u|] < 1 and |u| > +/1.01, f points outwards. In particular,
solutions starting with initial values larger than /1.01 tend to infinity. In Fig. 5.4(b),
we plot numerical solutions starting with initial value .5 computed while keeping the
residual errors below .09 and .001 respectively. The less accurate computation steps

outside the invariant region at one point and subsequently grows without bound after
that.

5.2. Exact preservation of an invariant rectangle. In the previous section,
we used the accuracy of the approximation method to show that it preserves an
approximate invariant region under suitable assumptions. Now we consider finite
element methods that have the property that (5.1) guarantees that R is also invariant
for the approximation. This 1s not a universal property and it is related to the issue of
whether or not a finite element approximation satisfies a maximum principle when the
method is applied to the heat equation. The dG and c¢G methods using the standard
Galerkin finite element discretization in space analyzed above do not, see Thomée
[63]. A typical manifestation of this are small oscillations in the approximation near
the transition to steep layers.

Consequently, we modify the dG and ¢G methods by using the lumped mass
quadrature to evaluate the space integrals in the variational formulation and show that
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Fi1c. 5.4. (a) Plot of f(u) for the problem in (5.11). (b) Plots of numerical solutions of (5.11)

starting with initial value .5 computed by keeping the residual errors below .09 and .001 respectively.

the resulting methods have the desired invariance. We also outline the modifications to
the general a posteriori theory needed to cover the new methods, including the analysis
of the quadrature error. This introduces some technical difficulties because relatively
high order derivatives of the solution are involved and we consider systems consisting
only of parabolic equations. This issue is also interesting from the standpoint that
the standard Galerkin finite element method using lumped mass quadrature is closely
related to the standard five point difference scheme. Further discussion of the lumped
mass quadrature can be found in Raviart [60], Chen and Thomée [11], and Thomée
[63].

The lumped mass quadrature formula is a composite rule computed by using the
two dimensional trapezoidal rule on each triangle. For a triangle K € 7,,, we let ax ;,
j=1,2,3, denote the vertices and define the quadrature formula on K as

/Kg(x) de ~ Qk(g) = %area([() Zg(aK’j).

j=1

Note that

Qx(g) = /K Qn(g) di,

and the quadrature rule has precision 1. We define the discrete inner product and
norm as

(91,92, = > Qx(g1,92) and |lgll;, = (9, 9)n,-
KeTn

The expression “lumped mass” refers to the fact that the mass matrix associated to
(, )n is a diagonal matrix with the diagonal entry in each row equal to the sum
of the entries in the corresponding row in the standard mass matrix B,,.

The continuous Galerkin-lumped mass ¢GL(q) approximation U € W1 satisfies
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Ui = Qoup and for n > 1, the Galerkin orthogonality relation

tn tn
/ (Ui, Vi)n, + 6 (VU;, VV;)) dt:/ (fi(U), Vi), dt
trn—1 tn—1
g—1 ;
. forall V. e Wi+, 1§Z§D<5.12)
Un 1= Q” n—1

and the discontinuous Galerkin-lumped mass dGL(q) approximation U € W4 satisfies
Ui = Qoup and for n > 1,

/tn (U3, Vi, + (YU, VVi)) dt + ([Uilnr, Vi), :/tn (fi(U), Vi), dt

n— n—1

forall Ve Wi 1<i<D. (5.13)

We write out the discrete equations in matrix-vector form for the ¢GL method in
(8.10).

The derivation of the error representation formula begins in the same way as for
the standard Galerkin methods. With the same definition of the dual problem (2.13),
we once again obtain (2.14):

(€7 (tn), 6n,0) = (e (0), :(0)) —/0 (0 60) + ((U)VU V60) — (1), 60)) d.

But the analysis is different from this point because of the difference between the
discrete version of Galerkin orthogonality (5.12) and the standard version (2.2) with
no quadrature. Now we obtain the error representation:

(65 (tn), éni) = (¢ (0), 9i(0))
+/0 ((Ul,erqu —8i) + (6;(U)VU, YV (1nP¢; — ¢:)) — (fi(U), mP; — ¢;)) dt

+ /Otn(Uz' — £(U), mPéi)n — (Ui — £i(U), mP;)) dt. (5.14)

We recognize the last term on the right as reflecting the error due to the use of
quadrature. A similar analysis for the dGL method gives

(i (tn)s n i) = (ef ‘|‘Z ilj—1, (mP¢i — ‘/’)] 1)

+ /Otn (Ui, mPéi = i) + (c(U)VUi, V(7P — 63)) = (fi(U), 7P — ¢1)) dt

+ /Otn(Uz — fi(U), 7Pi)y — (Ui — fi(U), mP¢;)) dt

+ > (([Uj-1,7PoF_y I — ([Uilj—1, 7P, ). (5.15)

j=1
We define the residuals on I, componentwise for 1 << D as

Ji= 3 IR0 F0) i

KeTn
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and

[IR2Y = £ (eGL)
o) = {thvw'i RO+ IRV k5! (dGL)

as well as the stability factor

tn
Sl0.t2) = [ IVl at
0

Note that the form of these residual errors is slightly different than the previous
residual errors in that the norm is included in the definition. We plot these residual
errors and the stability factor for the computation on the bistable problem carried
out above in Fig. 5.5.

10! |
10°

w0t o

102 [ i

10% i

Residual Errors

10* [ i

10% [

10

F1G. 5.5. (a) Plot of the residual errors for the computation on the bistable equation shown in
Fig.s 1.1 and 2.1.

In Section 8, we prove

THEOREM b5.4. There is a constant C' depending on A\; and q such that for
1 < a < q, the error of the ¢G(q) or dG(q — 1) approzimation at time t,, 1 < n,
satisfies

lle™ (@)l < So(0, La)lle™ (O] + SF (0, L) [[A% Re(U) | 2w 0,80)
+ 5200, ) (I10* RED)| L 0,6 + 1B RED)ILc0,))
2 5.16
+CSY(0, )ma)iRQ( )+CSQ(0,tn)$?§RQ(U). (5.16)

Remark 5.6. The residual errors and stability factors present in the first three terms
on the right-hand side of (5.16) arise from the approximation of the solution of the
differential equation by a piecewise polynomial function via Galerkin’s method. The
residuals and stability factors in the last two terms occur because we discretize the
(variational form of) the differential operator by means of quadrature. We see that
these two residual errors accumulate at possibly different rates than the original resid-
ual errors and hence it can be important to distinguish the two sources of discretization
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error. This point is hidden in the classic analysis of the five point difference scheme,
which as we noted 1s closely related to the finite element method with lumped mass
quadrature. See Eriksson, Estep, Hansbo, and Johnson [21] for further discussion of
this issue.

We now estimate the size of the residual errors associated to quadrature.
THEOREM 5.5. Assume that Vi € La(I,; L2(Q)) and @ € Leo(In; H*(2)). Then
there is a constant C depending on X;, €, and f such that for 1 <i <D,

RG(U) < ONhaVUF 1) (5.17)
and

RY(U) < C(ky hnéll Lo r,) + kn B Adll L1,y + ki V2N RE Vil Lo,
+||hZVU||Lw(In)) (5.18)

Under further assumptions on the solution and approximation, we can get more precise
estimates. . .
THEOREM 5.6. Assume that @ € Leo(In; HY(Q)), @ € Loo(ln; L2(R)), Vu €
Lo(I; L2(R)), and @ € Loo(In; H2(Q)) and that there is a constant C' depending on
Ai, €, and f such that
IVl|oo(z,) < Ce ([ Vain-|| +1)
AT os(r,) < Ce“ (| AT —1][ + [[Vin—1]| + 1)
Jillomy < Ce* il Vil + 1
IVl (1) < ATl + ClI V2,1,

In addition, assume that the numerical approzimation satisfies the energy estimates

U1 zoo(r) < C U1 Il + knl VU || + kn),
VU Lo, <c<k1/2||Ahn ol VU I+ k%)

and the a priori error bound

el (r,y < Cllha Aty || + CeFn (knlltll L1, + 1A AL (1,
+ kPN Vil Lo,y + ke P n il )
+ kallbaVall7 i,y + kS Vil (1,)) -

Then wn addition to the estimates in Theorem 5.6,

Rgy(U) < Ce™ ™ (knllhn b, U _y|I* + [|hn VU1 |* 4 A3 )
and
RH(U) < Ce (ke HIA5 An, Un_y || + ki IR VUS| ki B s
F hnAn, U all + 1A VT, 1||+hnmax
+kn1/2||h721Ahn n 1||+k 1/2||h2 1||+k 1/2h721max>'
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We conclude that the bound on all of the residual errors is on the order

O (k2 h32,.) + O (k2R 22 ).

n'“n, min

If we choose ky, ~ h,lltgin where 1/4 < 4 < 1, then all the residuals tend to zero as the
time step and mesh size are refined. The proofs of Theorems 5.5 and 5.6 are similar
to the proofs of Theorems 3.2 and 3.4 and we do not give the details.

Under the assumption of an invariant rectangle for the solution of (3.19) with
d = D and the associated dGL and ¢cGL approximations, the assumptions in Theorems
5.5 and 5.6 can be verified for (3.19). To save space, we do not give the details. Instead,
we turn to establishing conditions that guarantee that any rectangle on which (5.1)
holds is invariant for the dGL and ¢GL approximations. This result is closely related
to results of Hoft for finite difference schemes for reaction-diffusion equations that
admit invariant rectangles in [45] and the analysis of a backward Euler discretization
of the Hodgkin-Huxley equations presented in Mascagni [49].

We prove the following theorem in Section 8.

THEOREM 5.7. Assume that the vector field f satisfies (5.1) and let L denote the
mazimum of the first partial derivatives of f on R. Also assume that the mazimum
internal angle of any triangle in a triangulation is less or equal to w/2. There are
constants py, po > 0 such that if the time steps satisfy kp, L < p1 and kn/hi,min < s
for all n > 1 then R is an invariant region for the approzimation.

6. Details of the analysis in Section 2.

Proof of Theorem 2.1. We present the proof for the ¢G method. The analysis of the
dG methods is similar.

We split the time and space projections of ¢ as 1P¢ —¢p = 7P — Pop+ Pop— ¢
in the error representation formula (2.15) to obtain

(€ (1), ) = (¢7(0),6(0)
+ (@ PO+ O (7 - Do)
= (f(U), (v = D) P¢)) dt
[0 o)+ TP - 1)

= (f(U), (P = 1)¢)) dt
— T+ IT+III.

We estimate each of the terms I, 17, and I7], beginning with term [/ where we
use the Cauchy-Schwarz inequality and the boundedness of the Ly projection to get:

|(€%(0), 6(0))] < [le™ (O)I6(0)]] = So(0, 2 )lle™ (0)]]. (6.1)

Since P¢ € V, we can rewrite [1:



NUMERICAL SOLUTION OF REACTION-DIFFUSION EQUATIONS 75

Multiplying and dividing by &%, where 0 < o < ¢ for the ¢G(q) method or dG(g-1)
method and using the Cauchy-Schwarz inequality we get

tn
1] <Rl cioy [ I = )Pl .
0
Finally, we use the facts that 7P = P7 and ||P|| < 1 and the following standard in-

terpolation error estimate for the Lo projection (see_Ciarlet [13]) on each time interval
I,

/ ||k, (I — m)v||dt < CO‘/ || Dfv]| dt, (6.2)
where Cf depends only on the order a. We obtain
tn tn tn
[ npellar= [P nellar< [k - nela
0 0 0
tn
<cy [Tl an,
0
and thus we conclude

[I] < S0, 8) 16 Re (U] o (0,80)- (6.3)

To begin the analysis of 117, we first rewrite the diffusion term at a given time
€ I;, 1 <j <mn, by splitting the integral into a sum of integrals over the elements
and using Green’s formula on each to get

/ (YU - V(P = 1)¢; de = Z/ U)VU; - V(P —1)¢; dz

KeT;
Ui)(P = 1)¢; dx
"5k
' KZE;J /ZfK\an &(U)[VUilox /2 nox (P — I)¢: ds,

where as above ngg is the unit outward normal of K. With this in mind, 17
becomes

117 = /Otn (U =V - e(U)VU = f(U), (P - I)¢) dt

+Z/Z / c(U)[VU]or /2 -nog (P —I)¢dsdt

J=tp KeTigk\on
=IV4+V
Taken 1n entirety, IV splits naturally into parts associated with the parabolic and
ordinary differential equations:

tn

v = / (). (P ) di + / (Ro(U), (P = 1)o") dt.
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We estimate the first term by multiplying and dividing by A% and using the Cauchy-

Schwarz inequality and the standard interpolation error estimate for the Ls projection
in space,

I(h=(1 = PYel| + |0=*9(T = Pyo]| < CE[|I D] (6.4)

This gives

/On(R’é(U),(P—I)QSp)dt‘S/OnIIhZR’x’(U)IIIIh‘Z(P—I)fb”IIdt

tn
IR o CE [ D%
0
= SEO B RV o

We treat the second term in IV differently because the associated ordinary differential
equations do not exhibit elliptic smoothing. We use the orthogonality property of the
L5 projection to insert the interpolant P:

[ = prren. - 1

/ " (R, (P 1)) dt\ -

trn
< (I = PRIV >/0 1P — 1)6°|| de
< S0, )17 = YR om0
We conclude that

[TV < SEQO )10 RO (0,6) + 2O, ) = PYRE(U) (0,0, 65
6.5

Finally, we estimate V. Note that by the definition of R(U), it follows that
I16* RE(U)aay = B2 e(U) [V U ox /2| o)

Multiplying and dividing with A%/? and estimating using the Cauchy-Schwarz inequal-
ity,

|V|<Z / Z ‘hS/Z Hh—3/2( dt
j=1 I KeT;
1/2
5 fwmot (5 eoee-nf, ) o

Z/HhR )| Zh P=D9||, ory] &
Jj=1 I;

Now we employ a trace inequality on the boundary of the elements:

101170 < Cellollza IV oll o) (6.6)

which implies that

C
Ioll o) < - (1A= 200 a0) + 10203 ) -
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Taking v = h=3/2(P — I)¢, we get

Ct

1h=22(P = Dol om0y < 5 (Ih72(P = DIl ) + 1A~V (P = DollE ) -

Summing over all of the elements and applying the interpolation inequality (6.4), we
get

1/2

_ C
ST = Dl oy | < CESHID
KeT;

We conclude that

Cy ™ C
VI SCﬁé/o [h* RE(U)I[[D*6]| dt < {55(0,tn)llth’é(U)llem,tn). o)
6.7

Collecting the estimates (6.1), (6.3), (6.5), and (6.7), we reach the desired result.

Proof of Theorem 2.2. We begin as in the derivation of the error representation for-
mula (2.15), integrating from 0 to ¢* and then splitting the integral into the difference
of the integral from 0 to ¢, and the integral from ¢,, to t*. Writing ¢ = P¢+ (I — P)¢,
we get

(e(t"), 6(°)) = (eltn), 6(12))
+ / (U, P6) + ((U)VU,V Pg) — (F(U), P)) dt

n

+/; (U, (I —P)¢) + (e(U)VU, V(I — P)¢)

” (W), - P)8)) di
=T+ I17T+111.

Expression 171 is estimated exactly as the same term in the proof of Theorem 2.1.
However, I1 must be estimated differently since the lack of Galerkin orthogonality of
the approximation over (¢*,t,) means that we cannot insert an interpolant in front
of the dual solution ¢. Therefore, we make a straightforward estimate

"
[21] S/t 18I N9l dt < kn || Re(U| L oo (04 0 ) 1N 2 oien )

n

7. Details of the analysis in Section 3.

Proof of Lemma 3.1. The first claim follows from standard elliptic regularity results
since Ap, U, _; is continuous and the Dirichlet boundary conditions given by U, _, are
in H'. As for the second, it follows from the definition of A, and the assumption of
nested meshes that U _; is nothing more than the Galerkin finite element approxima-
tion of u,_1 in V,, and the classic a priori error bound for the finite element method

for Laplace’s equation implies that

i1 = Uyl + [1ha ¥V (-1 = Ul < Cllhg An, Us_y]l.
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We compute
12 An, Uiyl = Jup (A, Uy by ?9).

n n 1| n-n—1""n
||w||=1

Using the definition of A, and Green’s theorem and then estimating, we get

(An, U1, b 20) = (VU h2Vy)
= Z [naKVU ]6Kh711 21/)d8
KeTn 5\ an
< Y Mnox - VU ellnacom) 1A ¥l L goxc) -
KeT,

Using the trace inequality (6.6) and the following inverse estimate: there is a constant

C depending on A; such that for all W € V,,,
|lhn VW] < C|[W]| : (7.1)
we find

1A 2611 ory < ClIEN Loy Wan Vel Lagry < ClY Lo

The Cauchy-Schwarz inequality therefore implies that

1/2
sup (AhnUn 1’hrll/z S (Z || nax - VU 4 aK”L 6K)) .
i< et

Since V,,_1 C V,,, the expression on the right-hand side is independent of A,,.

Proof of Theorem 3.2.
We first estimate the time residual error R; for the ¢G(1) method. From the
formula for Ry, we subtract 4; — V - €;(@)Vi; — f;(4) = 0 to get
[k Re(U)il| < kenl|Us = @il + k|| (V - €(U) V) Us = V - (@) Vs
+ k|| fi(U) = fi(@)]|
=1+ 1T+ 11l

I is estimated simply

I = || U_' - an z) - (U: 1,4 an l,i) + (un,i - an—l,i) - azkn”
< 2|l 1w (1) + Zhnl il [ 1.0

Note that 77 has to be estimated only for the part of U associated to the parabolic
part of the differential equation. To do this, we use the weighted elliptic projection
Ry, into V defined componentwise for 1 < ¢ < d by

(€:(@)V Rpvi, VW;) = (e(a) Vg, VW;)  for all W e V.
For this projection, there is a constant C' (depending on €) such that

|Rnvi — vill + ||hn V (Ravi — vi)|| < C||h2 D*wi|.



NUMERICAL SOLUTION OF REACTION-DIFFUSION EQUATIONS 79

See Thomée [63]. Also ||[VRyv;|| < ||Vui]|. We write

< ka|[(V - e(U)V)RU; = (V- & (U) V) Ry |
+ kn|[(V - e (U)V)a Ryt = V - 6 (U) V|
= Ila+ IIb.

To estimate ITa for 1 < ¢ < d, we use the definition

Ha=ky, sup ((V-&(U)V)pUi — (V- & (U)V)pRptis, ¥)

YeEV
[lv=1]]
= —k, sup (q(U)(VUZ' — VRpiy), V1/)) — k, sup ((EZ(U) — €(2))V Ry, V1/))
YeEV YeEV
[lv=1]] [lo=1|
=TIlal + Ila2.

Using the mesh assumption, the Cauchy-Schwarz inequality, and the inverse estimate
(7.1), we get
177al][ < Clles ()| 77V (Us = Ruaa) | |7n Vb |l
< Olh* (Ui = Rutig) |k < C(knllhy el + kal[h7* (@ — Rps)]].

Similarly, we estimate
117a2]] < Cllhg (e (U) = e (@) IV Rutii || | 7n Vb |lkn < Cllaz el [V aie] [,

and proceed in the same fashion.
To estimate 116, we start with the definition

b=k, sup ((V-&(@)V)pRutt — V- &(@)Vay,¥).
wﬁﬁlflé(ﬂ)
Pl|=1

Now we use the definitions of Ry and P to get

(V- e (@)V)p Rptt; — V - €;(@) Vg, )

= (V- e(@)V)p R, ) — (V- 6,(2) Vi, )
(V- (@) V)p Rptti, PY) — (V- &(2) Vi, ¥)

ei(@)V Ryity, VPY) + (€;(@) Vi, Vi)

6 (W) Vi, VPY) + (6 (@) Vi, Vi)

= (V- &(@)Va,, (I - P)y).

Using the mesh assumption and the stability of P yields
116 < ||V - (@) Vg [k < C(IVall* + || Adi][) k.

The last term is simple: 111 < Ckyl|€]|L(1,.)-
In the case of the dG methods, we also estimate

Fal U=k < MEillz o rny + 65 —1ill < €l r,) + CllhgAn, Uy 4l

Putting together the different contributions in the two cases (ordinary and partial
differential equations) yields (3.2) and (3.3).
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We begin the estimate on RE by subtracting the differential equation (3.1) from
the definition and taking norms as above to get for 1 <¢ <d,

A REU)ill < > (b (Ui = @) || o) + A5 (fi(U) = F(@) L)

KeT.
+ |[h2 (V- &(U)VU; = V - (@) V)| Lo ()

The first two terms are treated like the corresponding terms in R; above, while

S Nh(Y - &(U)VU; = V - () Vi) || o)
KeTn
< RV (@) (VU; = Vi)l Lo
KeTn
+ Y AV - (a(U) = (@) VUillLyx)
KeTn
=I+11.
Expanding,
862 862(1]) 8&[ 8&2
EPAO»A(ES
362'(U) 3Ul 3@1 3UZ' 362'(U) 3Ul 3@1 3@2 - -
- - i(u) A,
3ul (31‘]'1 3l‘j1) 31‘]'2 + 3ul 31‘]'1 31‘]'1 31‘]'2 te (u) “

=|[fa+ Ib+Tc+ Id]|
Term by term, we estimate

1 all < NIVuei () = Ve (U] [1hn Vil [|on Viis]| < Cle][|[n V],
1761l < IVues @) n Vel |2 VU] < CllA Ve ||,
el < IV ues( @[ n Vel [|n Vil < Cllhn Vel ||hn V],
1d]| < C|[hz At

Next, we write
D -
662 3€Z(u) 3Ul 3UZ'
Il = hZ
| & (S (- 50) o,

KeTn J1,j2 I=1
+ 362(1]) 3Ul _ 3@1
3ul 31‘]'1 31‘]'1 31‘]2

< (el lrn VU + [[en Vel [V UN) < CUEINUIN + [1hn Vel [Us]])

Estimate (3.4) now follows.
To obtain (3.5), we compute using the definition of R%:

2Ry )12 = Y / o (B2 e (U nosc - [VUiloxc /2] ds.
KeTn 5K\ o0
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Consider the integral along one edge of K for some K. Using VU and VU! to
denote the values of VU; on the two sides of 9K, we find that

/|[VUi]aK|2d5§2/ <|VU{_V1~M|2+|Vﬂi—VUil|2) ds
K 5K

Noting that each internal edge occurs twice in the expansion for /7, we obtain

AL RE(U)||P < C Y hi(K)
KeTn

VU; = Vaillz, o)

Now, we use the trace inequality to estimate

[hi RE(U)|I” < C Y i (K)
KeTn
< C([haVel[* + ||hy A ).

VéillL, )| A% || L)

Finally with P = P, we insert the ordinary differential equation to get

(1 = PYRL(U)il| = [I(1 — P)((Ui — ) = (i(U) = fi(@)))|
< (I = P)uil| + |[/i(U) = fi(a)l| + [[P(fi(U) = fi(@)]]
<|(I = P)fi(w)[ + 2] fi(a) = f:(U)I|
< JClPV fi@)] + Clell
~ Gl D2 fi (@] + Clle]|
and the result follows by differentiating f; and using elliptic regularity.
Proof of Theorem 3.4.

First we estimate ||V, _1|| by introducing the discrete solution operator T}, into
Vi, corresponding to 7" and using the standard error estimate in the energy norm:

IVt || <[[V(T = Th) An, Up o | + [[VThAn, Up ol
< Ol Ap, Uy ol + VU] (7.2)
Applying the energy estimates to the a priori error bound, we find that
el aera) < Ce“  (1A7 An, Uyl + 1RV U]+ B3 o + knl | An, Usy |
+ k| VU [+ k)

To estimate ||k, Vé||, we introduce the weighted elliptic projection and use the inverse
estimate (7.1):

12 V|| < [7nV (U= Bpa)l[+][7nV (Raa —w)|| < Clle]|+][ Ryt — || +|[hn V(Rpa—a)]].

The result now follows by applying the energy estimates to the coefficients in the a
priori bounds (3.2)-(3.6) together with these results.

To simplify the presentation of the proofs of the results in Section 3.3, we analyze
the system

u — e Auy = fi(ug,us), (z,1) € Q2 x RY,

ta = fa(uy, ua), (z,1) € Q2 x RT, (73)
uy(e,t) =0, z,t) el x RT, .
u(z,0) = up(z), r € Q.
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The proofs extend directly to the more general problem (3.19).
Proof of Proposition 3.5. To obtain the first estimate on the gradient of u, we first

take the inner product of the parabolic equation in (7.3) and —Auw; to obtain
—(ul, Aul) + €1||AU1||2 = —(f1 (u)Aul)
Using Green’s formula on the first and last terms yields

1d
§E||V“1||2 + erl|Au* = (fuy 1 Vur, Vur) + (fus 1 Vuz, Vug). (7.4)

Differentiating the ordinary differential equation with respect to z; and taking the
inner product with uz, » gives

Ld

2 dt
Now we add (7.4) with (7.5) with ¢ = 1,2 and use the bound on the partial derivatives
of f to obtain

||ux,,2||2 == (ful,Zux,,la ux,,Z) + (qu,Zux,,Za ux,,1)~ (75)

1d
=—||Vu|]* < 2L, || Vu||*.
5 IVull? < 2L,V
Integrating and using Gronwall’s lemma gives the desired estimate.
To obtain (3.21), we argue in the same way after taking the inner product of the

parabolic equation with —A<; and using Green’s formula to get

Ld

. 2
V|| +erg—

NAu]]? = (fur1Vur, Vig) + (fus 1 Vusz, V).
Estimating with the Cauchy-Schwarz inequality on the right, kicking the terms in-
volving ||[Vi||, and using the previous estimate gives the result for «? = wu;. To
obtain the estimate for u° = us, we begin by differentiating the ordinary differential
equation with respect to z; twice for ¢ = 1 and 2, adding the resulting equations,
taking the inner product with Awus, and estimating on the right-hand side using the
Cauchy-Schwarz inequality and the boundedness of the partial derivatives of f. In-
tegrating and using Gronwall’s lemma together with the previous results yields the
desired estimate.

Proof of Proposition 3.6. We present the proof of the result for the ¢G(1) method.
The proofs for the other methods is similar. The ¢G(1) equations for (7.3) read

/(Ul,Wl)dt—l—el/ (VUl,Vl/Vl)dt:/ (fL(U), Wh) dt,

I, I, I,

/I (oW di = [ (520), W)t (76)

n In

where W € V,,. We choose Wy = U, in the second equation, noting that

n

/I (U U7 ) dt = US| — (U7 5 U).

n

Using the bound on | f| and the stability of P with respect to the Ly norm, we conclude

U ol < HUp—y oll + kn M.
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Similarly, we choose Wy = Uy, in the first equation to get

_ ky, - - kn _
||Un,1||2 +a 7||VUn,1||2 = (U:—ma Un,l) - 617<VU:—1,1’ VUn—l,l)

+/I (11 (0), U;7) di.
Estimating on the right using the Cauchy-Schwarz inequality and the stability of P
with respect to the energy norm, see Crouzeix and Thomée [16], and kicking the
appropriate terms gives the conclusion.

To prove the a priori error bound, we begin by subtracting (7.6) from (7.3) to
obtain an equation for the error € = u — U,

/ (él,Wl)dt—l—el/ (Vél,VI/Vl)dt:/ (fi(@) — f1(U), W) dt,

I, I, I,

| (éz,Wz)dt:/I (fo(a) = fo(U), Wa) dt, (7.7)

for all W € V,,. We split the error € = p — 0 with p = u — U denoting a computable
interpolation error and § = U — U € V,,. U 1s defined by

t—1 o t—=t,
n+Qnun7n1a

U= Qnun—l _kn kn

where @, denotes the interpolation operator into V},. This means that ||€]|L_ 1,y <
||p||L<x,(In) + ||9||Lw(1n) where

Ballilliry | {thvanwn> (1.8)

p oo (In SC < Y
lpllL ooz, {k’ZHUHLw(In) |h*D*al| 1.1,

From (7.7), we obtain an equation for the discrete error:

/(él,Wl)dt—FEl/ (Vﬁl,vwl)dt:/ (pl,Wl)dt—El/ (Vpl,Vl/Vl)dt
I, I, I, I

‘|‘/I (fl(a)_fl(ﬁ)awl)dt+/1 (A(U) — f(U), W) dt,
/(éz,Wz)dt:/ (pa, Wa) dt

‘|‘/ (fz(a)—fz(ﬁ)awz)dt-i-/l (f2(U) = folU), Wo) dt.

I

We choose W = 6. and estimate on the right, using

/I (b, Wi dt = (o7, — gty 1, W),

to get from the first equation
-2 kn -2
1071117 + e 5 I VO 4l

- kn - -
< N0 167 1+ eIV 0Ty 167 s+ Lakllpllz 2,10 4
+ Loknll07 1,y + 2l ez 107 111+ exbnlI Vol 2, IVE7 -
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Now we use the Cauchy-Schwarz inequality to conclude that there is a constant C' =

C'(e€) such that

105 2117 < CUOT_1 P + kal VO 31 + MPlL 1) + Fal Vil r,)
4-CLnMJWHiwu

Adding the analogous estimate for ||67;72||2 and assuming that k,L, is sufficiently
small, we conclude

1011 2c 1) < OOl + kPN 0y il + ol 2 r) + R IV L 2) -
The result follows directly.

Proof of Lemma 3.7. We present the proof for the dual problem for (7.3), which we
rewrite after changing variable t — ¢, — ¢ as

b1 — 1 AG1 = fi1 b1+ forda, w€Q0<t <1y,
$3 = Fra¢1 + fazdo, v €Q0<t<ty,
¢1(x,t) =0, z€Q,0<t<t,,
¢(z,0) = dn(2), x € Q.

Taking the inner product of the differential equations with ¢ then estimating by using
the uniform bound on j’?l together with the Cauchy-Schwarz inequality, and then
concluding by integrating and making a Gronwall argument, yields the first estimate.
The second and last estimates follow directly. Next, we take the inner product of the
first differential equation in (7.9) with —A¢; and use Green’s formula on the left and
the Cauchy-Schwarz inequality on the right to get

(7.9)

QﬁHV¢M +erl|Agy |l <LHWHI+-MA¢M +LﬂWﬂ|+—ﬂA¢M

Kicking the obvious terms, integrating, and using the previous results gives the third
estimate. The fourth estimate follows directly.

8. Details of the analysis in Section 5.

Proof of Proposition 5.1.

To simplify the presentation, we once again present the proofs for ¢G(1) method
for the system (7.3) of a coupled parabolic and ordinary differential equation. As
before, the proofs extend to all of the methods applied to the general problem (3.19).

To obtain (5.2), we take the inner product of the parabolic equation in (7.3) with
1y and get

il + s 5Vl = (£ (), ).

2dt

We estimate using the Cauchy-Schwarz inequality on the right together with the
bound on f and then integrate to obtain the desired estimate. To show (5.3), we
choose Wy = Uy € V,, in (7.6) and estimate using the Cauchy-Schwarz inequality on
the right and the uniform bound on f to get

. 1 d 1 1 .
Ur||* dt + €1 = ——VU2ﬁ<—M%m:—/ Uy || dt.
J e [ Givuiea < g AL
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Kicking the last term on the right and computing the second integral on the left, we
obtain

[ QIS € T 4 ko

If there is no mesh change across t,_; or 1if there was refinement and the meshes are
nested, then Ut | =U._,. Otherwise, there is a constant C' such that ||[VP,U;_,|| <
CIIVUF . Assummg that only a finite number of mesh coarsenings are permltted
on any ﬁxed time interval, we can repeat this argument to conclude that

tn .
[P b+ @IV UL < CIVUGIP + O,
0

This give the result.

Proof of Theorem 5.3. Since the proof is based on controlling the error between U
and the local solution u starting at time ¢,,_; and using the fact that @ remains inside
an invariant rectangle, we could prove the theorem directly if the a posteriori error
bound was pointwise in space. Instead, we use the equivalence of norms on a finite
dimensional space to derive a pointwise estimate on a quantity in the finite element
space from an L, estimate. To do this, we compare U to the pointwise interpolant
Qu. Since generalized rectangles are convex, QQu 1s contained inside any rectangle
that contains u.
For any m > n,

10 = Qiimllziy < 102U = Qi)

(8.1)
< (o = Qi) |+ 155> (U, = i )|

We bound the first term on the right using the standard interpolation estimate
1At (@ = Quy|l < O|[Rp*Adll,

where C' 1s an interpolation constant. At first glance, this is an a priori expression.
But the regularity estimates in Proposition 3.5 imply that we can bound derivatives
of u in terms of derivatives of the initial data %,_;, which are determined by U] _;
and thus get an a posterior1 expression. Assuming that « is contained in R,, we take
the uniform Lipschitz constant L in (3.21) to get

[l (@ = QE)|| < C (|| Adiy—a|| + [ * iy |[) =t
Finally, we use (7.2) and the assumption h,, = h, to conclude that

b2 (i — Qa)|| < C(|[h3 2 An, U || + [|h3/2V U |[) e2Em=tn=n).

(8.2)

We begin estimating the second quantity on the right in (8.1) by using the a
posteriori bound (2.21), assuming that hy = App1 = - = hpy:

1At el < So(tn—1, tm)|lhn 28 1l 4+ CSE(tn -1, ta) 10 2R R (U) || (s )

+ CSp(tn-1,t )(Ilh?’/sz( Meatnms ) T 1P RE UL (b)) -
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Assuming that U is contained in R,, (5.4) implies that

1t el < Crex =t (|hn Ay, UL S+ IVUR])
(a2l + 1A R Re(U) (L (s )
+ ||h3/ZR’£( UM aatnmr ) + 1B REU L s )
where Cy = Cy(e, M, L) and Cy = C3(L) are fixed constants.
Putting (8.3) and (8.2) together with Lemma 3.1, we conclude that as long as U
and u are contained in R,,
U = QLo ()
< CreC2tn=ta) (1 4 ||hy Ay, URS ||+ [[VUET)
(A2 Re (U et ) + 1P REU L ) (8.4)
B2 RE (UL s (b )+ D0, Uil 1RV U

(8.3)

Note that the assumption of a uniform mesh size for m > n is critical to the conversion
from a pointwise to Lo bound on the error because the a posteriori error bound on
the error at at time node t,, depends on the mesh sizes and time steps on all the
previous intervals. The result still holds, with a different constant C1, if we allow a
fixed finite number of mesh refinements in the previous steps, assuming that the ratio
of a refined mesh size and the previous mesh size is bounded below uniformly, and
any number of mesh coarsenings.

We treat the proof in two cases, first assuming that for somen > 1, U, _;(z) € R;
for all € Q and showing that U, € R4, for all x € Q. Since U,,_; is the standard
continuous piecewise linear finite element approximation of t,,_1, for any positive
integer m, it is possible to prove the pointwise error bound

NUm—1 = @tm—1llpo() < Clllog(hm) hiy An, Up 1 llLo(9) (8.5)

see Eriksson [19] and Eriksson and Johnson [24]. Therefore as long as (5.7) holds,
Up—1 is contained in R, and therefore % remains in R, for all ¢ > ¢,_1. The idea of
the proof is to control the size of the error to keep U from moving too far away from
R; over the next step. We control the size of the error by using the a posteriori error
bound with the stability factors replaced by a bound.

By the local existence result, U exists uniquely and is contained in R, for &,
sufficiently small depending on the fixed value dist (0R,, IR;) = r. Hence, adjusting
the value of C} in terms of Cy in (8.3) and C' in (5.7), if U] is computed so (5.8)
holds then (8.4) guarantees that U, remains within R,,. We know that (5.8) can
be achieved since u and U are contained in R, and we can apply Corollary 3.3 and
Theorem 3.4 to bound the residual errors on [, in terms of quantities that can be
made as small as desired by refining the mesh and time step in a suitable way. Namely,
there are constants €y, = Cy(e, M, L) and Cy = C3(L) such that

™2 e Re (Ul (1 + B3RO L 1y + BRSO 1o
< CheCehm (||(h3/2+h Y2k + b, 5/2k2 )Ah Ul
F L2 4 B 2k + B3 22 U |+ 132 4+ B 2o + b3 202 00)

n—1,tm)

We apply this with m = n to conclude that (5 8) 1s satisfied for all sufficiently small
time steps and mesh size depending on ||Ap, U, _4|| and ||VU, _4||-
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Now consider the case when U]_; is contained in Ra, but not in R;. As in the
first case, we control the distance between U and R; by controlling the error between
U and the local solution u beginning at ¢,,_1 using the a posteriori error bound until
the time that the local solution u# enters into R;.

However, now the argument possibly requires control of the error over several time
steps. Theorem 3.4 guarantees that the residual errors on any interval I,,, m > n,
can be made smaller by refinement provided U and the local solutions associated to
each time node ¢, remain in R,. By (8.5), this holds with a suitably refined mesh on
any given interval I, as long as U, _; is a fixed distance away from the boundary of
R,. Unfortunately, this local requirement for a suitably refined mesh conflicts with
the requirement of uniform mesh sizes for the time steps on which we compare U
to the local solution @ beginning at ¢,,_; arising from the conversion from pointwise
to Ls bounds. The same conflict arises when we impose a maximum value on the
residual errors on each interval since the estimate (8.6) guarantees we can satisfy a
given tolerance but only with local mesh refinement.

The resolution of this conflict is to derive an energy estimate bounding the dis-
crete second derivative Ay, U, _; at t,,_1 In terms of the discrete second derivative
Ay, U, at the “initial” time t,_; analogous to (3.21). This allows the mesh and
time steps to be chosen a priori to satisfy the necessary local requirements, giving
(5.9) and (5.10). We used the analogous property of & to prove (8.2). The result is

ProrosiTION 8.1. Under the assumptions of Propositions 3.5 and 3.6 and assum-
wng n addition that U remains in R, and a constant space mesh and a non-increasing
sequence of time steps is used on the intervals between t,_1 and t,,, there is a constant

C =C(e, L) such that

IVURN < CeCCn=tomt) (VU ||+ kallAn, Ui ll), (8.7)

it Unill S C (L (b = ta1)e =0y (10 ||+ A, Uiy .
8.8

[FAV

Proof of Proposition 8.1.

To simplify the presentation, we once again present the proofs for ¢G(1) method
for the system (7.3) of a coupled parabolic and ordinary differential equation. As
before, the proofs extend to all of the methods applied to the general problem (3.19).

To prove (8.7), we choose W1 = —Ay,, Uy, in the first equation in (7.6) (sub-
stituting m for n), use Green’s formula on the first and last terms in the resulting
equation, where the boundary conditions on U/; and the compatibility conditions on
f insure the boundary integrals are zero, and estimate using the uniform Lipschitz
constant of f in R, to get

_ ek, _
9 0m ™12+ 2 1A, U

_ ek, _
<||VUE_ VUL I+ TIIAthJS_l,lII |AR,, Ug 1l

+ Lk |[VU 17+ Lk VUL 3 IV U I+ Lo [VUS IV Ul
+ Lkl VUL IV U Al

Adding the analogous estimate that results from choosing Wy = —A,, Uy, , and using
the Cauchy-Schwarz inequality several times and the uniform mesh assumption, we
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obtain

ek,

VUL + = 180, Up a1 < NIV U |17+ 6Lk || VU

ek,

+ 6Lkl VU7 4+ = 1A, Uo7

Assuming that 6 Lk,, < 1 and using the assumption of non-increasing time steps,

—n2 . €km _ 2 _ 14+ 6Lk, _ 9 €k _ 9
—||A < — A .
VU + 2108l < T (190 + S22 U )
A discrete Gronwall argument gives (8.7).
To prove (8.7), we choose Wi = —A, UZ | in the first equation in (7.6), use

Green’s formula on the first and last terms in the resulting expression, and estimate
using the Cauchy-Schwarz inequality and the uniform Lipschitz constant of f to get

IO b+l Ul < el Ul + 27 [ 5UIE d
I

m

Continuing the estimate over the preceding intervals, the result follows from (5.3) and

the fact that ||[VU|| < [|VUZ|| +|[VUE_,|| on L.

Remark 8.1. The result holds if we allow only a finite number of time step increases
on any fixed interval provided that the ratio of consecutive time steps is bounded
above uniformly.

The estimates (8.5) and (5.9) imply that @&,_; is contained in Rs,. Therefore @
remains in R, for ¢ > t,_1 and furthermore (5.6) implies that for all ¢ > ¢* with

li3p

tf =t =T7=
n—1 T 27Ma

u i1s contained in R;. Note that 7 is independent of the particular local solution we
use. By induction we show that (5.10) and (8.4) imply that the pointwise distance
between Uy, and Q(t,,) remains less than p for n — 1 < m < m* and therefore U,
is contained in R4, for n —1 < m < m* and U,. is contained in R,,.

If necessary, we decrease the value of &, determined by (5.10) depending on p,
L, and M to guarantee that U], exists uniquely and is contained in R, whenever
U, _; 1s contained in R4, for any m > n and use this time step until ¢,,-. This
choice can be made uniformly by the same reasoning that gives the global existence of
the approximant from the local existence result under the assumption of an invariant
rectangle.

On the first step, since U, and @ are both contained in R,, (8.4), (8.6), and
Proposition 8.1 together imply that there are constants C; and C'; as above such that

10~ Qit e ts0
< CyeCaltm=tmt) (1 [y A, UL |+ [FU25)
(OB 2k 4 P2 A, U | (8.9)
IS bk R VU 4+ B 4+ b R B

with m = n. Therefore (5.10) implies that U, remains within Ra,.
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We define #,,» to be the first node with ¢« > t*, where m* < r/k, + 1. Note
that ¢« <t* 4+ K. For n < m < m* and as long as U_,_; is contained in R4, but
not in Rs,, we compute U, uniquely contained in R,. Because of (5.9), (8.8), and
(8.5), we know that the data for the local solution beginning at ¢,,_1 is contained in
Rap, so the a posteriori theory applies on this interval. Hence (5.10) and (8.9) imply
that U, is contained in R4,. By the definition of ¢,,+, the result follows.

Proof of Theorem §.4. We analyze the ¢GL method in detail. The proof for the dGL
method is similar. Arguing as in Thomée [63] on a triangle K| there is a constant C'

such that
‘QK(g)— / g dz

Applying this to g = (UZ — [i(U))mP¢;, noting that DZ(UZ' — [i(U)) = D*rPg¢; =0,
and using the stability of P with respect to the energy norm, we get

< Ch(E)* S 1D,k

|| =2

‘QK«U; — JU)Pa) — / (s — [:(U)wPo: de

< Ol D [i (U)ol 2oy + ClRPY (U = F UM 10|V il )

The result follows by using this estimate on each element in 7, after writing

/Otn<UZ — fi(U),ﬂ'Pﬁbi)h - (Uz - fi(U)’ﬂ-qu)i)) dt

-['T

KeT,

(e (U= fiw)mPen) = [ (0= sy iz ) a

Proof of Theorem 5.7. We only analyze the ¢GL(1) method, since the analysis of
the dGL methods is similar. We let ﬁn i denote the vector of nodal values of U;i
assoclated to nodal basis {¢,, ;} for V,, on I,, B, ( ) (1/),1 i, Un ])h denote the

lumped mass matriz, and A, denote the stiffness matriz. Bn is a diagonal matrix and
there 1s a constant pp such that (B ) > ﬂlhn min while A,, has positive elements on
the diagonal and non-positive oﬁ—diagonal entries and there is a constant 2 Indepen-
dent of the mesh such that max; |(An)ii| < pt2. See Thomée [63]. We abuse notation

to denote f([j) =Qnf(U

The equation for the ¢cG(1) method in matrix form reads
oL ? kn - ? _
B, (Un,z - Qn n—l,i) + —A4, (Un,z + Qn n—l,i) = / anz(U) ds.
2 I
n (8.10)
We show that for 1 <i < D, U7, —a; > 0 provided U, € R for all z € Q. (8.10)

can be rewritten as
_ kn o R _ kn ? . _ N
(Bn + _An) (Un,z - ai) = (Bn - _An)Qn n—1,43 — ai) +/ anZ(U) dS,
2 2 1, (8.11)

where d; is the obvious vector with coeflicients a;. The first step is to show that the
right-hand side of (8.11) is a vector with positive entries. For 1 < j < D, we set

~ :{ﬁn,ja ];éla

a; - o
aia .]_Z'
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Note that @ € OR. Taylor’s formula implies that

afi
3ui

Fi(0) = fi(@) + 5 -(€)(0; = @),

N

for some & € R. With {¢,, ¢,—_1} denoting the Lagrange basis functions for P(1,)
associated to the endpoints of I,, U(t) = U, ¢n(t) + an;)n—1¢n—1(t) fort € I,. We
substitute this into (8.11) to obtain

8fz — kn iy =

_ ((I— / n 07 (€)¢n_1dt) B - %A) (@ ner — @) + kB fi(d). (8.12)

Uj

Now we note that the coefficients of f; (@) are non-negative since @ € 9R. Furthermore,

the matrix
8fz 5 kn

has positive elements since every diagonal element is larger than h2(1—py /2—p2/2) >
0 and the off diagonal elements are positive. Since Q,U,_1 — @; is a vector with
positive entries, the right-hand side of (8.12) is a positive vector. On the left-hand
side of (8.12), the matrix

Afi 5, ko
(| v 0

has positive elements on the diagonal and negative non-diagonal elements, and the
following proposition, proved in Thomeée [63], applies:

ProPoOSITION 8.2. Let I be the identity matriz and G be a matriz with Gy > 0
and Gi; < 0 for i # j. Then the matriz (I + G)~' maps vectors with positive
coefficients into vectors with positive coefficients.

This gives the desired conclusion. Similarly, we can show that b; — U,i>0 for each
i
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